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Abstract. In this paper, we extend classical methods from harmonic analysis 
to study smooth Fourier multipliers in the compact dual of arbitrary discrete 
groups. The main results are a Hormander-Mihlin type multiplier theorem for 
finite-dimensional cocycles, Littlewood-Palcy inequalities on group algebras 
and a dimension free L p estimate for noncommutative Riesz transforms. As a 
byproduct of our approach, we provide new examples of L v Fourier multipliers 
in M. n . The key novelty is to exploit cocycles and cross products in Fourier 
multiplier theory in conjunction with quantum probability techniques and a 
noncommutative version of Calderon-Zygmund theory. 



Introduction and main results 

Convergence of Fourier series and norm estimates for Fourier multipliers are 
central in harmonic analysis. As far as Calderon-Zygmund methods are involved 
very few results have been successfully transferred to other noneuclidean topological 
groups. The impressive work carried out by Miillcr, Ricci, Stein and their coauthors 
on nilpotcnt groups shows that noncommutativity may lead to entirely unexpected 
results and requires genuinely new ideas, see e.g. (48l |49j [50l |67l [68] and the 
references therein. Their underlying measure space is usually the group itself or its 
Lie algebra. Here we follow a different approach, inspired by the ground-breaking 
results of Haagerup |18| and Cowling/Haagerup [5] on the approximation property 
and Fourier multipliers on group von Neumann algebras. Indeed, the compact 
dual of a nonabelian discrete group can only be understood as a quantum group 
whose underlying space is a group von Neumann algebra, which replaces the former 
role of the measure space. This general setting is widely accepted and very well 
understood in noncommutative geometry [5] and operator algebra |37j . Up to 
isolated contributions |19[ 161] . the Fourier multiplier theory on these algebras is 
very much unexplored. This motivates the development of a Calderon-Zygmund 
theory for von Neumann algebras. 

Let G be a discrete group with left regular representation A : G — > £>(^2(G)) given 
by X(g)Sh — 5 g h, where the <5 s 's form the unit vector basis of ^(G). Write £(G) 
for its group von Neumann algebra, the weak operator closure of the linear span of 
A(G). Given / <E £(G), we consider the standard normalized trace tq(/) = (S e , fS e ) 
where e denotes the identity element of G. Any such element / has a Fourier series 

Y,f(a)K9) with f(g) = T G (f\(g- 1 )) so that r G (/) = /(e). 
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Let L P (G) = L p (C{G),tq) denote the L p space over the noncommutative measure 
space (£(G), tg) — so called noncommutative L p spaces — equipped with the norm 



/Hp = II E /(•g)A(g) = (r G [ I E f{g)X{g) 
II ^*g v V U 



'9 

We invite the reader to check that L P (G) = L p (T n ) for G = Z", after identifying 
X(k) with e 27Tl ( k '-) , In the general case, the absolute value and the power p arc 
obtained from functional calculus for this (unbounded) operator on the Hilbcrt 
space ^(G). A Fourier multiplier is then given by 

T m : E Kg) %) » E m a Ka) Kg)- 

If G = Z n we find Fourier multipliers on the n-torus. We will say that any smooth 
function in : M" — > C is a lifting multiplier for m whenever its restriction to 
Z™ coincides with m. According to de Leeuw's restriction theorem [5J, the L p 
boundedness of T m follows whenever there exists a lifting multiplier defining an 
Lp-bounded map in the ambient space K™. In particular, if 1 < p < oo it suffices 
to check the Hormander-Mihlin smoothness condition EH HTJ 



3? < ICr l/3 ' for all |/3| < 
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In the context of Lie groups we may find similar formulations, where the role of K™ 
is replaced by the corresponding Lie algebra. A fundamental goal for us is to give 
sufficient differentiability conditions for the L p boundedness of multipliers on the 
compact dual of discrete groups. Unlike for Z", there is no standard differential 
structure to construct/evaluate lifting multipliers for an arbitrary discrete G. The 
main novelty in our approach is to identify the right endpoint spaces — intrinsic 
BMO's over certain semigroups — using a broader interpretation of tangent spaces 
in terms of length functions and cocycles. 

An affine representation of G is an orthogonal representation a : G — >• 0(H) over 
a real Hilbert space H. together with a mapping b : G —> T~L satisfying the cocycle law 
b(gh) = a g (b(h)) + b(g). In this paper we say that ip : G — > R + is a length function 
if it vanishes at the identity e, ip(g) = ipig^ 1 ) an d is conditionally negative which 
means that J2 g Pg = ^2 g h (i g (3h'^{g^ 1 h) < 0. According to Schoenberg's 
theorem [75], any length function ip : G — > K + determines an affine representation 
(~H^,a^,bj,) and viceversa. Hormander-Mihlin and de Leeuw classical theorems 
are formulated in terms of the standard cocycle given by the heat semigroup. We 
propose the Hilbert spaces T-L^ as cocycle substitutes of the Lie algebra. Here is a 
fairly simple formulation — see also Theorems B and 12.41 — of our cocycle form of 
Hormander-Mihlin theorem, valid for group von Neumann algebras. 

Theorem A. Let G be a discrete group and 

T m : E f(9)Hg) » E m J(g)Hg)- 

*-^g * — 'g 

Let ip be a length function with dimH^, = n < oo and rh : — > C such that 

a) rh is a ip-lifting of m: m g = rh(b^,(g)), 

b) |dfm(£)| < min{|£|-^ l+E ,|£|- |/?| - £ } for |/3| < [f] + 1 and some e > 0. 
Then, T m : L p (G) — > L p (G) is a completely bounded multiplier for all 1 < p < oo. 
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Completely bounded (cb) means that T m <g> id is a multiplier on L p (G x H) for 
every discrete group H. The additional e is a prize we pay for noncommutativity 
which can be removed under alternative assumptions, like 

i) G is abelian, 

ii) 60(G) is a lattice in R n , 

iii) a^,(G) is a finite subgroup of 0{n), 

iv) The multiplier is ?/?-radial, i.e. m g = h(ip(g)). 

Theorem A is a cocycle extension of the Mihlin multiplier theorem, more than 
merely a noncommutative form of it. Indeed, it provides new results even for finite 
or Euclidean groups. For instance, we may find low dimensional injective cocycles 
for finite groups of large cardinality, like 1 n or the symmetric permutation groups 
S„, where we find injective cocycles with dimH^ = 2 << n and dimH^, = n « n\ 
respectively, see |27[ Section 5.2]. To the best of our knowledge, there are no similar 
results for finite groups. In the context of R n , Theorem A shows that 

T m f(x)= f m(b(Z))f(0e 2 ^ x >® dt; 



is L p (R n )-bounded for any cocycle b : R™ — > R d with in Mihlin-smooth of degree 
[3] + 1. By picking suitable cocycles, this establishes a unified approach through 
de Leeuw's restriction/pcriodization theorems [9]. Hormandcr-Mihlin theorem also 
corresponds to the trivial cocycle on R™, and new — > BMO estimates will be 
given. In fact, other cocycles provide a large family of L p multipliers in R™ — also 
in T n — which are apparently new. As an illustration, take 

&(£) = (cos 27ra£ — 1, sin27ra^, cos 2ir(3t; — 1, sin27r/3^) 

for some a, (3 <G R+. Theorem A shows that the restriction of a Mihlin multiplier in 
R 4 to this donut helix will be an L p multiplier on R. It is useful to compare it with 
de Leeuw's periodization theorem for compactly supported multipliers. The main 
difference here is the irregularity obtained from choosing a//3 irrational, leading to a 
geodesic flow with dense orbit. Hence, m oscillates infinitely often with no periodic 
pattern. Taking for instance m(Q = |C| 27 with < 7 < i and smoothly truncated 
outside 63(0), Theorem A shows that (sin 2 (a£)+sin 2 (/3£)) 7 is an L p -multiplier in R. 
These examples are certainly less standard in harmonic analysis. With hindsight, 
they can be obtained via a clever combination of classical results, we invite the 
reader to try! However, it seems fair to say that noncommutative inspiration was 
required to discover such a general statement, see [S51 [SB] for related results. 

The presence of e > in Theorem A excludes some central examples, like the 
ip- directional Riesz transforms which — recalling that ij>(g) = {b^,{g), b^,{g))^ — are 
naturally defined for r/ G H-^ as 

These multipliers are covered by Theorem B below, which exploits the semigroup 
S^t : \{g) i—)- e~ t ^^ 9 '\{g) and the BMO space constructed with it via the norm 
II/HbmGs ,= max{||/|| B MO| ,||/*||bmO| }, where 



«.(£>>w)--«£. fi »fow.>. 



■0 



1 

/Hbmoi = sup (s.^i/i 2 -iwi 2 ) 3 with i/i 2 = .r/ 



C(G) 
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Theorem B. Given (G, ip) and 



z — J a 



as above, let m : TA.^ — > C be a lifting multiplier for m = mo b^ such that 
i) L^-row/ 'column condition 



m e C n+2 (K" \ {0}) and |dfm(f)| < c n \^ W for all |^|<n + 2. 
Then, we find T m : C(G) ^> BMO s , and T m : L p (G) L p (G) forl<p<oo. 



Theorems A and B can be used either to construct Fourier multipliers or to test 
the L p boundedncss of a fixed multiplier. The real challenge in the latter case is to 
find the right length/cocycle b^ and the lifting m such that m g = m(b^{g)). This 
is exactly the topic of Fcffcrman's smooth interpolation of data p~3l [T4J [15] relative 
to the set 6^(G). If A^, = inf^^ \\b{g) — > 0, we say that the cocycle 

b^p : G — > Hjf, is well-separated. The Hormander-Mihlin theorem for the n-torus 
corresponds to the standard cocycle Z" C M" with the trivial action a. Up to 
changes of basis, it is the only finite-dimensional, injective, well-separated cocycle 
of Z", sec Lemma [5. 141 Accordingly, we call b^ : G — > H^, standard if it is injective 
and well-separated. By a classical theorem of Biebcrbach [2], G admits a standard 
finite-dimensional cocycle if and only if it is virtually abelian. This excludes for 
instance discrete groups with Kazhdan's property (T). The novelty in our approach 
is to allow for clustering in the set b^p(G) and thus go beyond the class of virtually 
abelian groups. Of course, our hypotheses lead to look for disperse clouds &^(G) 
living in low dimensional spaces H^,. We refer to Paragraph 15.71 for a description 
of the intriguing interplay between these "competing" requirements. 

Our methods lead to related Littlewood-Paley estimates. Consider a sequence 



of functions {h m ) m >i in C^ +1 {R+ \ {0}) such that £ m \^h m ^)\ 2 < c„ 
for all k < [S] + 1. Given a length function tp : G — > R + , define 




K Hilbcrt 



ii) Hormander-Mihlin smoothness 




oo 




Additionally, we have — > BMO type inequalities and 



oo 



oo 



5> m (OI 2 = i => \\f\ 



m 



L P (G;^ C ) 



m— 1 



m—1 
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Theorem C has been a crucial tool for the main result in |58j . see Theorem 
13.31 for a more precise formulation. A noncommutative Calderon-Zygmund theory 
requires to find substitutes for the interplay metric/measure in commutative spaces. 
Theorems A, B and C emerge from CZO's on von Neumann algebras KxG, where 
G acts on a von Neumann algebra 7Z which factors as a tensor product of R n with 
its Lcbcsgue measure and any other noncommutative measure space (M,t). The 
key link with our main results comes from the intertwining identities 

tt-i/j ° S^.f = (St x idc{G)) ° an d ^ ° T m = (Tfa x iefc(G)) ° n^, 

where (St)t>o denotes the heat semigroup on and tt^, : C(G) — > £(%,/,) x a+ G 
is the *-homomorphism X(g) n- exp(27ri (6^(17), -)^) x A(<?). The first intertwining 
identity yields an embedding BMOs, — > BMOs^, with S^j — St x idciG)- This 
explains our interest on BMO spaces over semigroups of cp maps. In the classical 
theory, we find BMO spaces associated to a metric or a martingale filtration. Duong 
and Yan [lOl E] — see also [TJ [20] — extended it to certain semigroups of positive 
maps, but still imposing the existence of a metric in the underlying space, something 
that a priori we do not have at our disposal. Interpolation results with L p spaces 
[26j are deduced from the theory of noncommutative martingales with continuous 
index set |31j and a theory of Markov dilations with continuous path }32| . 

Given a semigroup of Fourier multipliers S^p = (S^ t t)t>o determined by a length 
function ip : G —> R+ as above, its infinitesimal generator A^(X(g)) = i[>(g)X(g) 
yields the gradient — Meyer's "carre du champs" — given by 

w,/) = \(Mnf+rAAf)-AArf))- 

Our next result establishes a new dimension free estimate for Riesz transforms. 
Theorem D. If 2 < p < 00, we find 

IM/,/)*|| p +||r*(r,.n*|| p ~ ||4/II P - 

Theorem A shows some impact of cohomology on Fourier multiplier theory. Tools 
from classical harmonic analysis impose the condition dim H^, < 00. However, many 
interesting cocycles are constructed on infinite-dimensional Hilbert spaces. In fact 
certain exotic groups like the Tarski monster or some Burnside groups, do not 
admit finite-dimensional cocycles at all. Fortunately, this is not the end of Fourier 
multiplier theory. Theorem D is a noncommutative form of Meyer's dimension free 
estimates for the Riesz transform, Theorem l4.6l also includes the correct formulation 
for 1 < p < 2. Our proof is based on Pisier's method, which has been exploited 
in a similar context by Lust-Piquard [40j [4TJ [42j E31 Hi] ■ The new ingredient is a 
noncommutative Khintchine type inequality of independent interest, which leads 
to a sum of spaces for p < 2 and an intersection for p > 2. As an application 
the V'-dircctional Riesz transforms are still bounded on L p for infinite-dimensional 
cocycles, see Corollary 14.71 Theorem D also provides apparently new multipliers in 
R™, other examples will be given for noncommutative tori and free group algebras. 
The main result in [25] included the lower estimate in Theorem D for p > 2. 

Let R^isc denote the Bohr compactification of R". Since ip(g) = (b^(g),b^(g))^ 
a function m : G — > C is called V'-radial if m g = h(ip(g)) for some h : M+ — > C, so 
that we find a lifting m which is radial on . We will use the little Grothendieck 
theorem |17j for the following characterization of -^-radial Fourier multipliers. 
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Theorem E. If h : K+ -> C, TFAE 

i) T ho{ ,2 : ioo(M d ) -> BM0 5 (M d ) bounded, 

ii) T M ,2 : ioo(lLc) BMO s (R^ isc ) founded, 

iii) Th^, : £(G)— ^BMOs, bounded for all G discrete with dhnT-L-^ = d, 
where S denotes the heat semigroup. Moreover, ii) <=J> iii) still holds for d = oo. 

Since A^{\{g)) = ip(g)\(g) generates <S^, radial multipliers are of the form 
h(A^,), already considered by Mcintosh's TJoo-calculus for analytic h. Theorem 
A imposes considerably weaker conditions and Theorem E provides new Fourier 
multipliers even for infinite-dimensional cocycles. The imaginary powers ip{g) ls 
and other examples of Laplace transforms are included, see [26] . As an illustration 
in G = M" , the length functions ip(£) = 1 - J R „ f (x)f (x - £) dx with j|/ j| 2 = 1 or 
■0(0 = Jq I Ylj £jfj \ dt 1 with fj G I>i(fl, fi) come from infinite-dimensional cocycles 
and taking f — XT,^ wc obtain highly irregular -0's. These = ip(^)' ls are just 
exotic forms of Stein's imaginary powers and L p -boundedncss for 1 < p < oo is 
guaranteed. The main novelty from our method is that we may identify the endpoint 
estimates for T m associated to — ip(£,) ls , so that T m : L oc (W n ) —> BMO^^. 

At the end of the paper, we will illustrate our main results with applications 
on noncommutative tori and the free group algebra. We will also construct in 
Corollary 15.121 new examples of Rieffel's quantum metric spaces for the compact 
dual of virtually abelian discrete groups. 

The paper essentially follows the order established in this Introduction. Our 
approach requires some background on von Neumann algebras, noncommutative L p 
and Hardy spaces, as well as some operator space terminology. Standard references 
on operator algebra are [37j [75] . We refer to [54j Section 1] for a brief review of the 
results from noncommutative integration needed for this paper. A more in depth 
discussion is given in Pisier/Xu's survey [66j . The p- norms of row/column square 
functions and corresponding Hardy spaces appear in [211 [62j [65]. Two excellent 
books on operator space theory are Effros/Ruan and Pisier monographs [T2l |6"1]. 
A noncommutative measure space will denote a pair (M , r) formed by a semifinitc 
von Neumann algebra A4 and a normal semifinite faithful trace r on itQ. 

Acknowledgement. We are indebted to Detlef Muller and Andreas Seeger for 
discussions concerning new multipliers in R™. We thank Narutaka Ozawa, Eric 
Ricard and Andreas Thorn for pointing out several recent results which have been 
useful in constructing examples. We also appreciate some comments and references 
from Anthony Carbery, Gustavo Garrigos, Jesse Peterson and Jim Wright. Junge is 
partially supported by the NSF DMS-0901457, Mei by the NSF DMS-0901009 and 
Parcet by the ERC StG-256997-CZOSQP and the Spanish grant MTM2010-16518. 



tThis paper is substantially different from the more preliminary version [27]. Namely, despite 
a considerable size reduction, some new and crucial dimension free estimates have been added 
in Theorem D and Section [4] We have also reduced the Mihlin regularity in Theorem A to the 
expected degree /3| < + 1. 
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1. Twisted CZO's 

Wc first study the — > BMO boundcdness of semidirect product extensions of 
semicommutative CZO's. Our results are of independent interest, regarded as a first 
step through Calderon-Zygmund theory on fully noncommutative von Neumann 
algebras, see |28l [29] for related results. 

1.1. Crossed products. Given a discrete group G with left regular representation 
A:G-> B(£2(G)), let £(G) denote its group von Neumann algebra and L p (G) the 
associated noncommutative L p space, as defined in the Introduction. Note that for 
G abelian we get the L p space on the dual group equipped with its normalized Haar 
measure. We will sometimes keep the terminology C(G) for p — oo. Given another 
noncommutative measure space (A4,t) with M. C B(H), assume that there exists 
a trace preserving action a : G — > Aut(A^). Define the crossed product algebra 
M. Xi a G as the weak operator closure in B(£2(G;H)) of the *-algebra generated 
by 1m (8 A(G) and p(M), where the ^-representation p : M — > B(£2(G;'H)) is 
given by p(f) = J2heG a h- 1 (f) ® e h,h, with e 9j h the matrix units for 4(G). A 
generic element of M. xi Q G can be formally written as S s eG fa Md)> wnere 
each f g e A4. Playing with the representations A and p, it is clear that M. xi G sits 
vnM®B(l 2 (G)) 

E U x Kg) = E p(fa)Ha) 

* — 'a *■ — 'a 

= y2 , l, ( a h- 1 {fa) ® e h,h)(lM <S> e gh '.h') 

Similar computations lead to 

. (f-Xig))* =oc g -i(f*) -ACg" 1 ), 

• (/•A( 5 ))(/'-A( 9 '))=/a s (/')-A(53') I 

• r xi r G (/ ■ A(.g)) = r <g> r G (/ <g> A( 5 )) = 5 s=e r(/). 

Since a will be fixed, we relax the terminology and write f g X(g) € A4 xi G for 
generic elements in the cross product. We say that a semigroup S = (S t )t>o on 
(A4,t) is G-equivariant if a g St = Sta g for (t, g) <E M + x G. Let 6>x, = (St xi idc)t>o 
and <S>® = (jSf <8> i^s(^ 2 (G)))t>o denote the cross/tensor product amplification of our 
semigroup on M. xi G and A^®B(^2(G)) respectively. 

Lemma 1.1. 7/5 is G-equivariant, the inclusion map 

9(EG ff,/ieG 

extends to a complete isometry BMO Sx (M xi G) ->• BMO Sgl (>t(g)B(4(G))). 

Proof. We just prove the column case, the row case is similar. It follows from 
the definition of M xi G that j : Ad xi G — > A4<S)£>(£(G)) is a cb-isometry. Letting 
/ = fgX(g) and since S is G-equivariant it can be checked that 

^, t |/| 2 -|^, t /| 2 = J2 a a->( S t(r 9 h) - S t (f* g )S t (f h ))X(g~ 1 h). 

g,h£G 
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Then, simple algebraic calculations give rise to 

j(Sx,t\f\ 2 ~ \S»,tf\ 2 ) = S®, t \j(f)\ 2 - \S®, t j(f)\ 2 . 
The same identities hold after matrix amplification and we obtain the assertion. □ 

1.2. Equivariant CZO's. We now show how G-equi variant, —> BMO bounded 
normal maps extend to crossed products. Given a discrete group G and a pair of 
noncommutative measure spaces (Mj,Tj) for j = 1,2, assume that G r\ Mj by 
trace preserving actions ay. Let 52 = (S2,t)t>o denote a G-equivariant diffusion 
semigroup on (M.2,T2). Now consider a normal map T : A\ — > BMO,s 2 defined 
on a weakly dense *-subalgebra Ai of Mi such that T{Ai) C M2- Then we say 
that T is G-equivariant if a-2. g Tf = Ta\. g f for all g £ G and all / € A\. Note 
that we may not have ai g (^4i) C A\ for all g <G G, so that the right hand side is a 
priori not well-defined. However, the normality of T provides a bounded extension 
T : M\ — >• BMOs 2 . As wc shall sec below in this paper, radial Fourier multipliers 
are central examples of G-equivariant CZO's. 

cb 

Lemma 1.2. IfT : Ai — > BMOs 2 is G-equivariant, we find that 

T x id G ■ Mi xi G — > BMOs 2> , (M2 X G) is also completely bounded. 
The same conclusion holds when T is only bounded, but the Mj 's are commutative. 



Proof. Given jgG and f g £ Ai, we have 
J2 {T x id G {f g X{g))) = V r(a 1|fl -i(/ flA -i)) 



z g ,h = T ® id B{ e 2 ( G) )(ji(f g \{g))) 



by G-equivariance of T. By linearity and normality we find that T x id G = j^ 1 o (T(g) 
*^B(I 2 (G))) O n the other hand, since T is cb-bounded we find a normal cb-map 
T®id B (i 2 ( G)) : Ai®B{l 2 {G)) -> BM0 528 (M 2 8B(4(G))), whose normal extension 
to A1i(§)B(f2(G)) remains cb-bounded. Then, according to Lemma 1 1.1 1 and the 
observations above, T xi id G is a cb-map T xi irf G : M\ X G -> BM0 52>< , (A4 2 x G) 
and the first assertion is proved. For the second one, we may assume that (Mj, Tj) 
is of the form L^^j, /ij). According to the first part of the statement it suffices to 
see that any bounded map T : Loo(fii) — > BMOs 2 (f22) is indeed cb-boundcd. Our 
argument is row/column symmetric and we just consider the column case. Given 
a matrix- valued function / = (fij) : ^i — > M m , we have 



\Tf\ 



M m (BMO| 2 (n 2 )) 



sup 

t>0 



S 2 ,t\Tf\ 2 -\S2, t Tf\- 



Loo(n 2 ;M m ) 



II €11 



sup 

t>0 



ess sup 

wd~l 2 
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S2,t\Tf\ 2 

s 2 ATf\ 2 



S2,t\Tf\ 2 -\S 2 , t Tf\ 2 (w)£ 



t 2 



\S 2 ,tTf\ 2 
\S 2 ,tTf\ 2 



(w)dfj, 2 (w) JC 
(w)dfix(w))£ 



£ 2 (rn) 



t 2 (m) 



for some fixed £, i, some set £ G f2 2 of finite positive measure and where /is stands 
for the conditional probability measure fJ,s(A) = ^(ifl S)//i2(S). On the other 
hand, S 2 ,t\Tf\ 2 ~ \S 2 ,tTf\ 2 = (z, z) with z = Tf® ln 2 - ln a ® S 2 ,tTf and where 
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the Hilbert module bracket is given by (o ® b, a' (8 b') = b* S2,t{a*a')b' . According 
to the characterization of Hilbert modules in [59], we may find a weak-* continuous 
right L 00 (il 2 ,^s)-module map u : £00(^2, Ms)®s 2 , t £oo(^2, Ms) -> ^00(^2, Ms)<§>"Hc 
satisfying (z,z) = |u(z)| 2 . If we define «(/) = u(T/ (g) l fi2 — ln 2 <& S2,tTf), then 
we have 

M m (BMO| 2 (n 2 )) 



1 

|«(/)(«;)| 2 dA*s(«;))e)' ^ < ||«(/)| 



Q2 / -/&(m) .uAf m (Lg(a 2 ,^;«))- 



Therefore, we have reduced the problem to show that v : Loo(^i) — > -^2(^2, Ms; W) 
is a cb-map. Note that v is normal. Assume for a moment that u is bounded when 
regarded as a Banach space operator. By the little Grothcndicck inequality, this 
means that v is absolutely 2-summing so that wc can find a factorization v — wo 
where : / S L 00 (Qi,/ii) 1— » /£ € £2(^1, Mi) with J" n |£| 2 <i^i = 1 and we have 
II HI — ^IMI- This immediately gives that 

\\v\\cb < \\w : L!j(fii,Mi) -> L2( fi 2,ME;^)|| c J|ic : £00(^1, Mi) -> ^2(^1, Mi)|| c6 

and yields \\v\\ c b < IIH < 2/y / 7rj|i;|| 1 because is a complete contraction and 
column Hilbert spaces are homogeneous operator spaces, see e.g. [64]. Thus, we 
just need to compute the Banach space norm of v. However, applying again the 
properties of the right module map u, we obtain for z = Tf <8 1q 2 — 1ji 2 <8> S2,tT f 

ll u (/)l|i 2 (n 2 ,AiE;W) ^ IK/)IUcx,(fW£;M) 

1 

= \Hf)\\L^{i a ,^)m c = ll u ( z )* u ( z )H2 00 (o 2 , Als ) 

= \\S 2 ,t\Tf\ 2 -\S 2 ,tTf\ 2 \\ 2 Lx(n24ii:) = ||T/|| B MO| 2 (a 2 )- 
Hence, ||v : L^uVi) ~> ^2, Ms; H)\\ < \\T : Ax^Mi) ->■ BMO£ 2 (0 2 )||. □ 

1.3. Semicommutative CZO's. Given noncommutative measure spaces (A4j, ij) 
for j = 1,2, we will write ilZj,<pj) to denote the von Neumann algebra generated 
by essentially bounded functions / : M™ — > A^ which comes equipped with the 
trace y>j(/) = f M „ Tj(f(y))dy. In other words, we have IZj = L QO (K")®A4j and 
our goal is to analyze conditions for the L^TZi) — > BMOr 2 boundedness of CZO's 
formally given by 

Tf(x) = J J(x,y) (f(y))dy 

with x supp R „/ and k(x,y) a linear map from ri-measurable to T2-measurable 
operators. Note that L p (7Zj) = L p (W l ; L p (A4j)), so that this framework does not 
fall in the vector- valued theory because we take values in different Banach spaces for 
different values of p, see [51] for further explanations. We also recall that ||/||bmo tc 
equals 

max{||/|| B MOfj, ||/*||bmo^} 
with the column norm given by 



/Hbmo* = sup (/ (f(x)-f Q )*(f(x)-f Q )dx\ 



M 



where Q denotes the set of cubes in K™ with sides parallel to the axes. 
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Lemma 1.3. We have T : £00(^1) -> BM0^ 2 provided 



\Tf(x)\ 2 dx 



< 



M-2 



\f(x)\ 2 dx 



Mi 



11 J ess sup 

xi,x 2 J\x 1 -y\>2\x 1 -x 2 \ 

Proof. Wc first observe that 



\k(x u y) - k{x 2 ,y)\\ B{Mi M2) dy < 00. 



HflllBMOS 



^2 sup inf 



j—7 / \g{x) -a Q \ dx 



M 



where M.^ stands for the algebra of operators affiliated with M.. Indeed, 



Q 



\d(x) ~ 9q\ dx 



< 



M 



Q 



\g(x) — clq I dx 



M 



+ \\ a Q -9Q\\ M 



and Kadison-Schwartz inequality for the conditional expectation u(g) = gQ ® 1r« 
gives rise to u(h)*u(h) < u{h*h) for the function h{x) = g(x) — oq. Therefore, we 
obtain 



\ a Q ~ 9Q\ 



M 



L(h)*u(h)\\^< \\^/u(h*h)\\ n = (^j \g(x) - a Q \ 2 dxj 



M 



This proves the upper estimate, the lower estimate is clear. Now, given / S L^^i) 
and a ball Q, we set as usual /1 = fx5Q an( l /2 = / — /1 where 5Q denotes 
the ball concentric to Q whose radius is 5 times the radius of Q. Then we pick 
<iq = j-Q Tf2{x) dx. It therefore suffices to prove 



(/ \ThixfdxY + U \Th{x)-a Q \ 2 dxY < H/IU^o 



A + B = 



According to the /^-column condition i), we find 



A < 



1/0*01 dx 



5Q 



Mi 



< 5" H/IIl^c^!). 



On the other hand, since supp R n f 2 fl Q = we have for x £ Q 



Tf 2 (x) -oq = + (T/ a (x) - Tf 2 {z)) dz 



(k(x, y) - k(z, y)) (f 2 (y)) dy dz. 



Using again the Kadison-Schwartz inequality, this gives rise to 



B 



\Tf 2 (x) -a Q \ dx 



Mi 



Q J Q 

U 

JqJq 



dz dx 



(k(x,y) - k(z,y))(f 2 (y))dy 

\\k(x,y) -k( z ,y)\\ B{ Mi,M2) dy \ dzdx ) l/IUooCR-i) 

< (-sup/ " Q ll*.,,)-*.,,)^,^*)!/!^, □ 

v i,zgl" J\x-y\>2\x-z\ [ ' ' ' 
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Remark 1.4. The Zv2-boundedness condition i) reduces to the classical one when 
A4i = M.2 and k(x,y) acts on f(y) by left multiplication. Indeed, if we assume 
that T is bounded on L 2 (TZ) and use M C B(U) for U = L 2 (M) 



M 



\Tf(y)Vdy] 

sup ( f (h,\Tf(y)\ 2 h) dy)' 

||M|<1 V/„„ « ) 



sup \\T(f (l R r, ®h))\\ ( , < sup \\f(ln»®h)\\ L (n) 
\\h\\<i 2 ^ <J IIWKX "^2(i<) 



sup ( / </»,|/(l/)| a /»> w dtf)' = (/ \.f(y)\ 2 dy) 

\h\\<l v V ./TEPti 



.VI 



This is false for other operator kernels and our ^-condition seems the natural one. 

Remark 1.5. Since M m (BMO-jz) = BMOjv/ m (7jj, it suffices to replace M. by 
M m (M.) everywhere, amplify all the involved maps by tensorizing with idm m and 
require that the hypotheses hold with m-independent constants to deduce complete 
boundedness in the statement above. 

1.4. Nonequivariant CZO's. Set K\f = (A/*)* for any mapping A. In the 
nonequivariant setting, the arguments are not row/column symmetric because the 
map (T x idoY is not similar to T x ido. This will be specially relevant in the 
L2-boundedness conditions that we obtain. Indeed, we have 

(Txid G )t(£ g / s A( 5 )) = [(r^dGK^a,-^- 1 ))]' 

= ^ g a s (T(a ff - 1 (/;))*)A( ff ) = ^^V't/pWs)- 

Thus, (T x idoY is a map of the form ^2 g f g X(g) H> ^2 g T g (f g )\(g) and recalling 
the embedding j : M x G — > A1(E>B(^2(G)), we see that 

i(E = E (^(/sA-OJ^e^ 

= (a rl V lQs ) •j(S a / s A( ff )) = <f(j(E 3 /^(5))), 

where the • stands for the Schur product of matrices. In the result below, we will 
use the terminology of Lemma 11.31 Moreover, if S = (St)t>o denotes the heat 
semigroup on R n we will write 1S2 = (St <8> idM 2 )t>o and 

Mj = Mj®B(l 2 (G)). 

Lemma 1.6. Let G r\ L oa (W n ) by an action a implemented by measure preserving 
transformations, so that a g f(x) — f(/3 g -ix). Let us consider a family of CZO's 
formally given by T g f(x) = j Rn k g (x, y)(f(y)) dy for g e G. Then 

E * E T MHg) 

£ — '9 ^'g 

is a cb-map 1Z\ x G — > BMO5 (IZ2 x G) provided the following conditions hold 
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i) L2-column condition, 
\(T gh - 1 )»p\ 2 (x)dx) i _ < cb (f \p\ 2 (x)dx) 

' Mi Wr™ ' Mi 

ii) Smoothness condition for the kernel, 

esssup / \\K(x 1 ,y)-K(x 2 ,y)\\ CB( n ft.dy < oo, 

xi,X2 J\x 1 -y\>2\x 1 -x 2 \ ' 

where K(x, y) = J2 g h ^gh- 1 Wg x i PgV) ® e g,h acts as a Schur multiplier. 
Proof. According to Lemma H. II and since 

j(J2 g T a (f a )Mg)) = $(j(£ ff / 9 A( 5 ))), 

it suffices to show that $ : Hi -> BMO| 8 (K 2 ) is a cb-map where Hj = Kj®B(£ 2 (G)) 
and S® = (S t ® ic^)*^ ' Letting p = a g< h ® e ffi /, with a s ,/i e Ki, we find 
that 

$ (p)( ;c )=y] "g- 1 / k h -i{x,y){a g . h (f3-i(y)))dy®e g . h 

= 5Z , / k gh-^{PgX,P g y){a g , h {y))dy®e gyh =l K(x,y)(p(y))dy. 

B' n JR" Jr™ 

Therefore, we may regard $ as a semicommutative CZO and apply Lemma 11.31 
together with Remark 11.51 First, we note that the L2-boundedncss assumption 
means that the map <3> : L oa (Mi; L%(M. n )) — > L co (M 2 ; L%(R n )) is cb. However, we 
have 

$0°) = (a g -iT gh -ia g ) • p = (a g -i) • (T gh -i) • (a g ) • p. 
Using that ft is measure preserving, we find that the Schur product map 

5Z 9 h a ^ h ® egJl ^ S 9 h a a( a 9,h) ® e 9 ,^ 

is a cb-isometry on ioo(A^i; L^M™)), and the same holds taking (a g -i,A4 2 ) hi 
place of (a g ,Mi). This shows that the L 2 -boundedness condition given in Lemma 
11.31 for $ reduces to the cb-boundedness condition in the statement. On the other 
hand, the smoothness condition matches exactly that of Lemma 11.31 □ 

Lemma 1.7. Let T : K -> BMO Sts {K) given by 

Tf(x) = k(x,y)f{y)dy (x supp R „/) 



withS® = (S t ®idM)t>o, f G H = L OCl (R n )®M andk(x,y) € M. acting on f by left 
multiplication. Then, the cross product extension T wide : K^G -> BMO^ (TZxG) 
is cb-bounded provided 

i) T : L 2 (K) -> L 2 (K) bounded, 

ii) esssup / sup \\k(ft g X!, ft g y) - k(ft g x 2 , f3 g y)\\ M dy < 00. 

xi,x 2 J\xi-y\>2\x!-x 2 \ SSG 
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Proof. This is a particular case of Lemma ll.6l with T g =T for all g, M.\ = M.i and 
the kernel acting by left multiplication. The L2-column condition clearly reduces 
to 



|T/(x)| dx 



< 



M 



( / \mf 



d.r 



M 



which in turn reduces to L2(7?.)-boundedness by means of Rcmark ll.4l and the fact 
that boundedness is equivalent to cb-boundedness on L2 = OH, see e.g. [M] ■ On 
the other hand, K(x, y) = J2 g h k{Pg x , (3 g y) <g> e g .h since T g = T. Hence, we deduce 
that 



K(x,y)(f(y)) = (k{/3 a x,l3 g y))*(j g , h (y) 



In particular, regarding K(x, y) as a left multiplication map (not a Schur multiplier) 
it is a diagonal matrix in M®B(£2(G)) with entries k(fi g x, j3 g y). Therefore, we may 
easily rewrite the Hormander smoothness condition for the kernel in Lemma 11.61 as 
it is written in the statement. This completes the proof. □ 



2. HORMANDER-MlHLIN MULTIPLIERS 



We now study Fourier multipliers over the group von Neumann algebra of an 
arbitrary discrete group G. In the language of quantum groups, these algebras 
are regarded as the compact dual of G. Our main result is a cocycle form of 
Hormandcr-Mihlin multiplier theorem in this setting. 

2.1. Length functions and cocycles. A left cocycle associated to a discrete 
group G is a triple (Ji,a,b) formed by a Hilbert space H, an isometric action 
a : G — > Aut('H) and a map b : G — > H so that a g (b(h)) = b(gh) — b{g). A right 
cocycle satisfies the relation a g (b(h)) = b(hg~ l ) — b(g^ 1 ) instead. In this paper 
a (cocycle) length function ip : G — > R+ is any symmetric conditionally negative 
function vanishing at the identity of G, as defined in the Introduction. The fact 
that any length function takes values in K + is easily justified. Any cocycle (Ji, a, b) 
can be identified with an affinc representation 

g e G h> ( a Q 9 b ^ ) e AS(H). 

In what follows, we only consider cocycles with values in real Hilbert spaces. Note 
that Aut("H) is the orthogonal group on T-L and Aff('H) ~ T~L x Aut('H). Any cocycle 
("H,a, b) gives rise to an associated length function ipb{g) = (b{g),b(g))-H, as it can 
be checked by the reader. Reciprocally, any length function ijj gives rise to a left 
and a right cocycle. This is a standard application of the ideas around Schoenberg's 
theorem [75] , which claims that ip : G — > R+ is a length function if and only if the 
mappings S^, t t{^{g)) = ex p(— ttp(g))A(g) extend to a semigroup of unital completely 
positive maps on C(G). Let us collect these well-known results. 

Lemma 2.1. Iftp: G — > R+ is a length function: 

i) The forms 

K i, n ^(g) + m-4ig- 1 h) 
K ^(aJv = 2 ' 
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K 2 ( n yj(g) + Hh)-4igh- 1 ) 
K ^{9, h ) = 2 ' 

define positive matrices on G x G and lead to 

E 9 a A> Yl h bh5h )^ = E S)/l a 9 K 4>(9, h)b h 
on the group algebra K[G] of finitely supported real functions on G. 

ii) Let T-L 3 ^ be the Hilbert space completion of 

(R[G]/A^, (• , with = null space of (• , ■) i , tj . 

If we consider the mapping b^ : g G G n- S g + G 

^(E^W) = Y.< h l^h)-b\{g)), 

h£G h£G 
h£G h£G 

determine isometric actions ad : G — > Aut(H^) of G on H 3 ^. 

iii) Imposing the discrete topology on T-L 3 ^, the semidirect product G^, = "H^ X G 
becomes a discrete group and we find the following group homomorphisms 

ny.geG i y b\{g) x g G G^, 
ttJ : 3 G G i-> ^(flT 1 ) x 5 G G|. 

The previous lemma allows us to introduce two pseudo-metrics on our discrete 
group G in terms of the length function ip. Indeed, a short calculation leads to the 
crucial identities 

Hg-'h) = (b^-b^b^-b^h))^ = KG?) 

Ugh- 1 ) = (bl(g)-bl(h),bl(g)-bl(h))^ 2 = \\%{g) - b% {h)f n% . 
In particular, 

distifo, h) = vVGr 1 ^ = \\bl(g) - §(h)\\ n i 

defines a pseudo- metric on G, which becomes a metric when the cocycle map is 
injective. Similarly, we may work with dist2(g, h) = y ipigh^ 1 ). The following 
elementary observation will be crucial for what follows. 

Lemma 2.2. Let (Hi, a\,b\) and (T^o^,^) be a left and a right cocycle on G. 
Assume that the associated length functions ip^ and -0t> 2 coincide, then we find an 
isometric isomorphism 

A12 : h(g) G Ui H- b 2 (g- 1 ) G H 2 - 
In particular, given a length function ip we see that H\ ~ H 2 via b^(g) i— ► 6^,(g _1 ). 

Proof. By polarization, we see that 

(h(g)Mh)) Hl = 5(l|6i07)ll^ + \\bi(h)\\ 2 Hl - \Mg) - h(h)\\ 2 Hl 
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Since bi(g) — b±(h) = ai,h(bi{h 1 g)), we obtain 

= i^M+4^{h)-^(.9- l h) = {hig -i )Mh -i ))n ^ 

The last identity uses polarization and ^(g -1 ) — b2(h~ 1 ) = a2.h{i>2{g~ 1 h)). □ 

2.2. Smooth Fourier multipliers. We are now ready to prove our extension of 
Hormandcr/Mihlin's sufficient condition for Fourier multipliers to arbitrary discrete 
groups. The ideas leading to the next result probably go back to Hormander, but 
we could not find the specific statement given below in the literature. We provide 
a proof based on Stein's approach to these questions in his book [74] . 

Lemma 2.3. Let km be a tempered distribution on R™ which coincides with a locally 
integrable function on K™ \ {0}. Let m stand for its Fourier transform m = kfn- 
Then we obtain the following results: 

i) // |afm(OI < c^l-W for all \(3\ < n + 2 

ess sup / sup \kfh{P g V - P g x) - kfh(J} g y)\ dy < oo. 

i£R" J\y\>2\x\ g£G 

ii) If |8fm(f)| < c n \£\-^ for all \(3\ < [§] + I, the operator 

E fgh®e g h) = E / kfh(f3 g x- P a y)fgh{y)dy®e gh 

g.heG g./iSG^ 

extends to a cb-map from L 00 (R n ;B(e 2 (G))) to BMO c (M n ; B{l 2 (G))). 

Proof. For i), it suffices to show that |Vfc„(z)| < Let 77 6 C°°(R") with 

XBi(o) < V < Xb 2 (o) and take = 77(C) - 77 (2£) so that X\ £Z 6(2~ j = 1 for all 
£ 7^ 0. This gives rise to m(£) = • m(£)£(2 _J '£) = J2j an d we set 



We have Y^j kfh ~^ km as distributions, so that it suffices to estimate • (x)\ 
for any a; 7^ and any multi- index a with |a| = f . Now we claim that a) b) with 

a) |dfm(f)| < c M \£,\~ m for all multi-index (3 s.t. < |/3| < M. 

b ) IC^Wl < c M |a;r M 2- 7 ' (n " M+1) for all multi-index a s.t. |a| = 1. 

Let us first see how the assertion follows from the claim. Indeed, we know from our 
hypotheses that a) holds for any < M < n + 2. If we apply our claim for M = 
on those j's for which 2 J < and we apply it for M = n + 2 on those j's for 

which 2 J > we find 

EI^4(-)U E 2J( " +1) + i^ E ^-m^t- 

jSZ 2J<|k|- 1 1 1 2 J > I a; I - 1 1 1 

To prove our claim, we use the properties of the Fourier transform to get 
{-2mxyd^k J ~(x) = f dl[{2 m i) a m {ClY 2Mx '° dt 
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On the other hand, using condition a) it is not difficult to check that we have 
^[(27n£rm;(6]| < £ c lll2 \df {^^dfm^ < \^ hl ■ 

71+72=7 

Moreover, since fhj is supported by an annulus of radius ~ 2 J , we conclude that 



< 2 jn 2 : '^ :L ~' 7 '\ 



Given x G M. n there exists a multi-index 7 such that |-y | = M and |x 7 | r 
Hence, taking such a multi-index 7 in the identity above we deduce our claim. Let 
us now prove ii) . If / = J2 g fgh §5 £gh , we have 



/ \T km (f)-(T km (/))-' 



„ ,i Sup (li^T 

ll?IU 2 (G)=l V l^l 



sup I — - 

ll€ll< 2 (G)=i V IQI 



B(4,(G)) 

|T fe5; (/)e-(r^(/K)Q||' 2(G) 
|^(/e)-(r fc5B (/0) Q ||" 2(G) ) 5 , 



where /£ = E s (Eft /»h&) ® e 9 satisfies 

II/^I|l oo (R™;£ 2 (G)) < II /|| 00- 

The problem is then reduced to show that the restriction of T„ to column matrices 
extends to a bounded map L 0o (R n ;£ 2 (G)) -> BMO(R"; £ 2 (G)). Let us decompose 
/£ in the usual way 

= ftX5Q and /t 2 = /C - /e,i- 
By the L2(R™;^2(G)) boundcdness of T^, we have 
1 



IQI 



< 



Tk m {f) ~ {T km {f)) Q \ 
1 



sup 

ikiu 2 (G)=i 



Q 



T fcs;(/«,l)lli(G) 



+ sup 

II€IU 2( g)=i 



1 



77^7 / ^(/^-(^(/^Jc 



lf 2 (G) 



< 



II/IU+ sup \\T k ^{k, 2 ){x)-T k ^{f^){z)\\ l2[G) . 

IICIU 2 (G)=1 



The last term on the right hand side can be rewritten as follows 



\x-y\>2\x-z\ 



sup 

l|{||2,N|a = l 



< sup 

\H\ 2 = lJ\x-y\>2\x-z\ 



(T]g[kfhWgX ~ P g y) ~ kfhiPgZ - (3 g y)]) , fz,2(y) ) d V 



(Vg[kfh(Pg* - PgV) ~ kfh(0 g Z - fi g y)]) dy WfW^. 

«2(G) 
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\xf M 



dx < 2^ n ~ 2M \ 

£ 2 (G) 



Following a classical argument, it is easy to check that the last term in the inequality 
above is finite. In fact, arguing as for inequality (32) of [TU VI. 4. 4. 2] — see also our 
estimates for i) — we may decompose fc^ = Y]j fci and conclude that 

9 

for any < M < [^] + 1 and any j £ Z. The remaining part of the estimation is 
the same to that of [7H VI. 4. 4. 2]. Thus, taking the supremum over Q we deduce 
the estimate for the norm of . The cb-norm is estimated similarly. □ 

Theorem 2.4. Given a discrete group G, let 

gee g£G 

Let ip : G — > K + be any length function and set (Jij,aj,bj) for the left and right 
cocycles associated to it (j = 1,2). Assume dirnHj = n < oo and let rhj : Hj — > C 
be lifting multipliers for m, so that m = rhj o bj. Then, if rhj £ C^ +1 (Hj \ {0}) 
and 

\^fhj(0\ < c n |£|" l/31 for all multi-index f3 s.t. \f3\ < [f ] + 1, 
we find that T m : L P (JG) — > L P (G) for all 1 < p < oo and T m : £(G) — > BM05 V , . 

Proof. We divide it in several steps: 

A. Reduction to Lrx, — > BMO. Assume that the hypotheses imply L x — > BMO 
boundedncss. Since the condition for (3 = implies that rh\ is bounded, the 
same holds for m = rh\ o b\ and we deduce the L2 boundedncss for T m . The L p 
boundedness for 2 < p < 00 follows by interpolation from |26j . Indeed, if we let J p 
the projection map onto the complemented subspacc 



L°JG) = \f£ L P (G) I lim S^tf = 0}, 



we get from [26] that J p T m : L P (G) — > L°(G). However, E p = id L ^ — J p is the 
projection onto the fixed point subspacc, which in this case is the closure of the 
span of \(g)'s such that ip(g) = 0. Since it is clear that Go = {g £ G | ip(g) = 0} 
is a subgroup of G, we deduce that E p is a conditional expectation. This implies 
that T m = m e E p + J p T m is also bounded. To prove the case 1 < p < 2, we proceed 
by duality since = T„ and the argument above also applies to m. 

B. Reduction to the column BMO estimate. Assume now that T m : £(G) — > BMO^ 
holds under the hypotheses we have imposed in the statement. Then T m is also a 
bounded map — > BMO. Indeed, the row BMO boundedness of T m is equivalent 
to the column BMO boundedncss of 

iWte)) =T m (^/^)A(. 9 - 1 ))* = X> fl -i/G7)A(ff). 

g<£G g<=G g£G 

This shows that = T k with k g — rrig-i — uij o bji^g ). According to Lemma 

2.21 we deduce that k g = kj o bj where ki = rhi o A12 and ki = rh\ o A^ 1 - Since A12 
is an orthogonal transformation on R™ and the complex conjugation is harmless, it 
turns out that the kj's satisfy one more time the same conditions as the fhj's and 
the assertion will follow if we can prove that the column BMO estimate holds. 
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C. The key intertwining identities. We will only work here with the left cocycle 
(Hi, ax, bi). Let us write RJJisc f° r tne discrete additive group on R". According 
to the discrete topology imposed in Lemma 12.11 and since dim Hi = n, this is a 
suitable realization of Hi. The dual group is the Bohr compactification of R™ 
and C(H^) is the corresponding space on it. Let Ai and Xy, denote the left 
regular representations on H.\ and G>< = "Hi x G respectively, while exp b\(g) will 
stand for Xi(bi(g)) ~ exp(27ri(6i(<7), •)). Consider the trace preserving, normal 
homomorphism given by iri : X(g) e £(G) i-> \*{bi(g) x g) e £(G*). It is very 
tempting and in fact very useful to use that £(%i) is commutative, by switching 
between the language of von Neumann algebras of discrete groups and semidirect 
products of von Neumann algebras. Indeed, it is a simple exercise to show that 
£(Gx) ~ £(%i) x G. In particular, the embedding tt\ takes the following form 

TTi : X{g) G £(G) ^ exp6 1 (.g)A(.g) e C(Hi) X G. 

LetiS* = (5x,t)t>o denote the crossed product extension Sx,t = StXidG of the heat 
semigroup on "Hi ~ Iodise ^ ^ s evident that the heat semigroup is G-equivariant 
with respect to any isometric action on %i. We now claim that the hypotheses on 
fh\ imply that : C(Hi) X G -> BMO5 is bounded, where 

T * ( X] =X)r ffil (/ fl )A(«7) with T fiil (exp6 1 (h)) = ffii(&i(ft))exp6i(ft). 

Let us see how the assertion (which has been reduced to check the column-BMOs Vj 
boundedness) follows from our claim. The key points are the intertwining identities 

i"i o Sjp^t = S x ,t Ti and tt\ o T m = o 7Ti. 

Indeed, it is easily checked that the first one follows from ip(g) = (bi(g),bi(g))-n 1 
while the second one from m g = fh\ {b\ (g)). We leave the reader to check it. Wc 
can now prove the assertion 



\T m f\\ 



BMOt 



sup 



sup 

t>o 



sup 



Si/j,t\Tmf\ 2 — \S^>,tTmf\ 2 

ni(^Sii,j\T m f\ 2 — \S^jT m f\ 



£(G) 
2 



£(«i)xG 



£(«i)xG 



|^(7Tl/)| 



BMO e 



< C ki/ 



C(Hi)xG 



|/IU(G)- 



D. BMO extension of de Leeuw's theorem. We will show that 



i) T» 
ii) 



MM") x G — 
Loo fee) x G 



BMO^^ft'^G), 
-+BMO^(A x> fe c )>«G), 



are equivalent when the crossed product L oc (M n ) x G is also constructed from the 
action a,\. This reduces the proof of our claim to the Euclidean setting. Letting S 
denote the heat semigroup on M™, the proof will be more transparent by showing 
Tfni ■ ioo(M") -> BMOs T mi : £oo(id isc ) ~> BM0 5 . After that, wc will 
point out the slight modifications needed to make the argument work after taking 
crossed products with G. The L p analogue of this equivalence is a classical result 
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of de Leeuw [9]. Since R™ and KJJisc coincide as sets, we let T denote it. According 
to Pontryagin duality, the continuous characters on R™ and its compactification 
are both indexed by T. Write x 7 and x'j f° r the continuous characters on R™ and 
its Bohr compactification respectively. According to the construction of the Bohr 
compactification, we find a universal inclusion map "J : R™ — > Rji sc with dense 
image and such that 

for all (7, £) € TxR". The key point is that the L x norms coincide on trigonometric 
polynomials. More concretely, let A be a finite subset of T and consider / = 
E 7 eA a 7X 7 and /' = E 7 eA a 7X 7 - Then continuity of /, /' and density of f(R") 
give 

ll/'llwl" ) = sup |/'otf(f)| = sup |/(C)| = Wfhum- 

On the other hand, since the algebra of trigonometric polynomials is preserved in 
both cases by the heat semigroup and any other Fourier multiplier, we also find 
that both BMO norms coincide via *f> 

ii/'iibmo s( i 3isc , = -p|i^i/'i 2 -i 5 */'i 2 iiL(i 3i3C ) 

= supll^i/i 2 -^/! 2 !!^^ = II/IIbmo s( r"). 

Thus, if Ar™ and A^ n are the subalgcbras of trigonometric polynomials 

disc 

T rni : Am« BM0 5 (R") & T rni : -> BM0 5 (R2 isc ). 

disc 

The full equivalence then follows from the weak density of these subalgebras in 
their respective spaces. If we take crossed products with G the same argument 
works since ai(A^) C A-\ for f = R" or R2i SC , so that A\ x G is a weak-* dense 
subalgebra. This reduces the problem to the algebras A-\ X> G, for which the same 
argument above applies. 

E. Smoothness of the lifting multipliers. Here the smoothness conditions come 
into play. Indeed, according to Lemma 12.31 ii) we know that our assumptions 
on rh\ imply that its Fourier inverse transform kff^ defines a cb-map Tk~ from 
L 00 (R";B(4(G))) to BMO c (R"; B(£ 2 (G))). However, arguing as in the proof of 
Lemma Ol we conclude that T* : (R") »G-> BMO^ is bounded. □ 

Remark 2.5. The same hypotheses of Theorem 12 .41 imply in fact that the Fourier 
multiplier T m is completely bounded as it is checked following the same argument. 

The drawback is that we need to find two lifting multipliers for the left and right 
cocyclcs. To simplify these conditions, we begin with Theorem A — stated in the 
Introduction only for left cocycles — showing that for general discrete groups we 
may work with one lifting multiplier under stronger smoothness conditions. 

Proof of Theorem A. If we set 

™ s (0 = ™m\ 5 for e^o 

and fh 5 (0) = with S = ±e, we find |0|m ±e (£)| < c n \£\-W for all < |/3| < + 1 
by the chain rule and our hypotheses. In particular, letting m ±E = rh ±e o we 
may follow the proof of Theorem 12.41 to show that T m ± c : £(G) — > BMO5 when 
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b^, is a left cocycle and T rn ±c : C(G) — > BMO^ when b^ is a right cocycle. In fact 
these maps are cb-bounded, as it follows from Remark 12.51 On the other hand, we 
recall from [55] that 

[BMO^(G)] 2/p - h;(s^), 

[BMO^,L°(G)] 2/p = H^), 

see [35] for the definition of the Hardy spaces H^S^) and Hp(S^). Arguing as in 
Theorem [Point A], we get T m ± c = fh ±e (0)E p + J p T m ±. = J p T m ±s. Therefore 
we conclude by interpolation that 

T m ±e : L P (G) — > H p (S^) 

for 2 < p < oo whenever is a left cocycle and we must replace column by row if b^ 
is a right cocycle. At any rate, if A^,(A(g)) = ip(g)X(g) stands for the infinitesimal 
generator of S^p, we know from [33J that 

11% s fc ii^ii^iivhiI. 

for all 7 > and h 6 L°(G). Taking 7 = e/2 and h = J p T m f ', we see that 
H^m/Hp <cb \m e \\\ 

$P f\\p || JpTmfWp 

< cb K|||/||p+P + ^|||e||V^^ 

1 1 

= \ m e\\\f\\p+\\T m +'f\\H-\\ T rn-'f\\h- Sb WfWp- 

The L p cb-boundedness for 1 < p < 2 follows by duality as in Theorem 12.41 □ 

Remark 2.6. If ip is bounded in G it suffices to know that |<9^m(£)| < c„|£| - '^' +e 
for all \fi\ < [f ] + l. If V'" 1 is bounded in G\G , we just need to control by |^|-^l- £ 
for the same /3's. The first condition holds for inner cocycles and the second for 
well-separated ones. The argument is very similar to the proof of Theorem A. 

Remark 2.7. Applying Lemma H~6l in full generality we obtain sufficient conditions 
for the Lp-boundedness of operator-valued Fourier multipliers over discrete groups. 

Proof of Theorem B. As in Theorem 12. 41 the L p -boundcdness reduces to the 
Loo ^ BMO boundedness. Assume first that (H^,a^,b^) is a left cocycle, then 
the argument in Theorem 12.41 gives that T m : C(G) —> BMO^ is bounded. Let 
us now consider the row case. One more time following our proof above, this is a 
matter of showing that : L oc (]R n ) xG4 BMO^ where = Tf- n xid G . As we 
already noticed in Paragraph QT4] we have 

^(E 5 / S %)) = E S ^»W'(/ 9 M(5) = J2 g IL g (f g )\(g) 
andj(E s n s (/ s )A(.g)) = (o^-iTl a^.j^ f g X(g)) = $(j(£ g /<;%))) , where 
a^^-iTla^^fix) = Tl h -if(x) = / kfn(P h x - fi h y)f(y) dy 

with Ph = a^ h -i and kfh = fh- In particular, : L 00 (M. n ) x G — > BMO^ will 
be bounded if the conditions in Lemma 11.61 hold. In fact, since the Schur product 
defining $ is constant in rows, we may argue as for the proof of Lemma 11.71 with 
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A4 = C and apply Lemma f2.3l i) to conclude that our smoothness condition is strong 
enough to imply that of Lemma [TT6l Thus, it remains to check the L2-boundedness 
condition 



( / (n h -i/ flh (x) 



dx 



< 



fgh{x) 



dx 



B(l 2 {G)) 



Indeed, the statement of Lcmma ll.6l is written in terms of Ugh- 1 's, but a quick look 
at the proof shows that we may replace them by n^-i 's, since we have the identity 
II/j-i = g-iILgh-ia-ip^g. On the other hand, the cb-inequality follows from the 
argument below after matrix amplification. Let us thus prove this inequality Since 



by Fubini and Plancherel theorems we may write the left hand side as 



LHS = 



SUP E / El, m (-Ph€)fgh(thh 



I|7|U 2 (G) 



Since fh(— /3h£) = m(a,/, ^-i (— £)) an d we are assuming that ||m|| sc /, ur < oo, there 
exists a factorization m(a^ (— £)) = (A—£, B h -i)/c and some positive constant c 
for which 

strpll^lk, sup \\B g \\ic < Vc. 

S 9 



This yields 



LHS" 



< 



sup I l( A -«'E, MZHBh- 



ll7llf 2 (G) 



where B 3 , 1 denotes the j-th component of B h -i. Taking 7 J = (7/ l -B?_ 1 )/ ie G 



LHS' 



< 



c sup 

IMI< 2 (G)<1 



II" 



E,E ff £ |E fe /^(^ 

:z<^^L^ f3h{xH 

fgh(x) 



dx 



c sup Y 

ll7llf 2 (G)<l 



ebcf) < c 2 RHS 2 

^(G) 



This completes the proof for left cocycles. Alternatively, if we deal with a right 
cocycle (%^, a^, 6^,) everything is row/column switched. More concretely, this 
means that the row BMO estimate follows from our argument in Theorem 12.41 and 
the column BMO requires Lemma 11.61 details are left to the reader. □ 

2.3. Noncommutative Riesz transforms. Let G be a discrete group, let ip be 
a length function on it and construct ("Hi/, , , b^) to be either the left or right 
cocycle associated to ip. The Riesz transform on C(G) associated to an element 
t] G Hi/, is the multiplier 



geG 



geG 



-mm- 
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Indeed, note that ity (g) / y/t^ig) is just the normalized vector in the direction of 
bip(g), so that the classical symbol for the Riesz transform m v (^) = J])if>/\\^\\4> 
is a lifting multiplier for R^. The classical Mihlin condition clearly holds for m^, but 
it fails the more restrictive condition in Theorem A for e > 0. Theorem 1 2 . 41 imposes 
alternatively to find another lifting multiplier rh' v so that o = fh'^ o b'^ . We 
ignore how to find such function in general. The following result is on the contrary 
a simple consequence of Theorem B. 

Corollary 2.8. Given a discrete group G, consider a length function ip : G — > R+ 
and set CH^,a^,b^,) to be either the left or right cocycle associated to it. Assume 
that dimH^ < oo, then any operator in the algebra 1Z generated by the Riesz 
transforms 

1Z = span| J^J Rrj | T finite set in X 

defines a cb-map C(G) — > BMOs Vl and L P (G) — > L P (G) for all 1 < p < oo. 

Proof. Note that II Tft\Tft2 1 1 schur — \ \ Wll 1| schur \\m2Wschur by taking the Hilbcrtian 
tensor product K, = K,\ ®2 ^2- Moreover, according to the chain rule the product 
miTO2 satisfies the smoothness conditions whenever rh\ and rhi do. Therefore, the 
Fourier multipliers satisfying the hypotheses of Theorem B form an algebra. In 
particular, it suffices to check the conditions for a single Riesz transform R v . We 
have 



with and B g satisfying the estimates sup^ gR „ \A^\ = 1 and sup geG \B g \ = \r]\. 
Hence, the assertion follows since the Hormandcr smoothness condition holds. □ 

2.4. Mild algebraic/geometric assumptions. Wc continue our analysis just 
imposing the existence of one lifting multiplier. Let us prove our assertion — in the 
Introduction — that the additional e > in Theorem A can be removed under any 
of the following alternative assumptions: 

i) G is abelian, 

ii) 6y,(G) is a lattice in R™, 

hi) a^(G) is a finite subgroup of 0{n), 

iv) The multiplier is ^-radial, i.e. m g = h(Tp(g)). 

Proof. If G is abelian, the Hilbert space T-L^ and the inclusion map 6^ : G — > %^ 
coincide for both left and right cocycles. Thus, the hypotheses of Theorem 12.41 are 
satisfied and we deduce the first assertion. For radial multipliers, we note that 
our smoothness condition implies the boundedness of : L co (M. n ) —> BMOs(R") 
where fh = ho \ | 2 and S denotes the heat semigroup on R™. Indeed, this follows since 
BMOs is isomorphic to the classical BMO space on R n up to a constant depending 
on the dimension. Since radial Fourier multipliers on R™ are G-equivariant with 
respect to any isometric action a : G — > 0(n), we may apply Lemma 11.21 with the 
cocycle action a$ and deduce that : L oc (R™) x G — > BMOs^ is completely 
bounded with Ty, = x idc and Sy, = S x idQ. However, as noticed in the proof 
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of Theorem B, this is all what is really needed. When a^(G) is a finite subgroup 
of 0(n) we use Theorem B. By [63] 



m , = inf ( sup II .At llr sup ||.B ||r 

K Hilbert 

coincides with the norm of the Schur multiplier 

on L|(R") ®/j ^(^(G)). If a,/,(G) is a finite set, we may factorize m as 

L|(M n ) h f 2 (a^(G)) A L§(R n )®fc*§(ety(G)) 

A L§(R n )® h ^(t^(G)) 

A L|(M")® h ^( av ,(G)), 

which immediately shows that 

IHLhur - i a ^( G )i su p < i"v( G )i IHL < °°- 

(?,3)eK"xG 

On the other hand, the smoothness condition in Theorem B is used to ensure 



ftfhM = ess sup / sup |fc fi (a^, iff y - a^. g x) - km{ot^^ g y)\ dy < oo. 

i£t» J\y\>2\x\ S6G 

However, if 0^ = esssup / \kfh(y — %) — kfa{y)\ dy, it is well-known that 

iei" J\v\>2\x\ 



1 =>■ fl™ < 00. 



|flfm(0| < c„|Cr 101 for |/3| < 
In particular, since a^(G) is a finite set we find that 

Qrn,a 4 , < V] ess sup / | fc„ (a s y - a s a;) - kfn(a g y) I < |av>(G)|fim 

is also finite, which proves assertion iii). It remains to study the case when the 
image b^(G) lives in a lattice A.0 of the Hilbert space H^,. If dimW^, = n < oo, it 
is a simple observation that Oty(G) must be a finite subgroup of 0(n), so that ii) 
follows from iii). Indeed, since there are finitely many orthogonal transformations 
leaving invariant, it suffices to see that a^ i£( (A^) C A^ for all g € G. We 
may clearly assume that b^(G) generates H^, so that A,/, is the space of linear 
combinations YlheG Ihbtji (h) with € Z. Since 

a^, g (b^(h)) = b^gh) - b^g), 

the Z-linear combinations are stable under a<p_ g for all g and the claim follows. □ 
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3. Littlewood-Paley theory 

We now prove some square function estimates. The boundcdness of new square 
functions for noncommutative martingale transforms and semicommutativc CZO's 
was recently investigated in [46] . The smoothness assumptions there where needed 
for additional weak-type (1, 1) estimates, here we will find weaker conditions. Set 
Tlx = ioo(R")®A^i and Tl 12 = L OQ (W l )®Mi®M 2 with Mi and M 2 semifinite 
algebras. Consider the CZO formally given by 

Tf(x)= [ k{x,y)®f(y)dy= ( k(x,y)(f(y)) dy, 



where k(x,y)(-) = k(x,y) £g> • and k takes values in M 2 . If 
• T : L^M^L^W 1 )) -> L^Mi&Mr, £§(R")), 



ess sup / \\k(xi,y) - k(x 2 ,y)\\ M dy < oo, 

xi,x 2 J\x 1 -y\> 2 \x 1 -x 2 \ 2 

we deduce from Lemma Ol that T : Tlx ->• BMO£> 2 - Take M 2 = B{1 2 ) and 
k(x,y) — J2m^ m ( x 'y) ® ( e im ©oo e rn i), where the fc m 's are scalar-valued and eij 
stands for the (i, j)-th matrix unit. Consider the CZO T m associated to k m and such 
that T = J2 m T m ® (ei m ©oo e m i). The column part T c = £) m T m 2> e m i satisfies 
the first condition if ||T C /|| 2 = (E m \\T m f\\ 2 2 ) 1/2 < \\f\\ 2 since the kernel acts by 
left multiplication, see Remark 11.41 For the row part, we use some basic operator 
space theory [64) . Namely, the condition is equivalent to the cb-boundedness of 
T r : Zr^R") — > L^K") <E)h R- In particular, such a map defines an element in 
L%(m. n )®Ll(m. n )® h R with norm || J2 m T "* T mll 1/2 ■ This lcads to thc same condition 
with T* in place of T m . Finally 



CSS 



ssup / ( ^ \k m (xi,y) - k m (x 2 ,y)\ Y dy < go 

i,X2 y|xi-i/|>2|a:i-a;2| K m=1 ' 

is the form of the smoothness assumption. By the symmetry of the kernel, the 
map Tf (/) = T(f*)* essentially equals T and TZi -> BMO-r 12 boundedness follows 
with no extra assumptions. L p -boundedness follows by interpolation and duality if 
the Hormandcr condition holds also on the second variable. In particular, if we let 
1Z = Loo(M. n )®M, we recover the main result in [46] in terms of the spaces 



L P (TZ; £ 2 C ) 
Lemma 3.1. Let 



L p (K;£ r 2 ) + L p (n;£ c 2 ) if 1 < p < 2, 
L p (K;££)n L P (K;£$) if2<p<oo. 



« oo 

Tf(x) = / k(x, y) (8) f(y) dy = V T m f(x) ® (e im 0^ e mi ) 

m=l 

&e a formal expression of the CZO above. Assume that 

oo 

i) EH^Il2 + ll T ™/ll2 £ ll/lli. 



m — 1 



ii) esssup / || , y) - fc(x 2 , y)|| £ < oo, 

xi,x-2 J\x 1 -y\> 2 \x 1 -x 2 \ 
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iii) esssup / \\k(y, %i) ~ k(y, X2)\\ e dy < oo. 

xi,x 2 J \x 1 —y\>2\xi—xa\ 2 

Then T : 1Z — > BMO7?, is bounded and we find for 1 < p < 00 

00 2 

m— 1 

This gives the L p -boundedness of operator- valued <?-functions and Lusin square 
functions, see [46] for more applications. The conditions above hold for convolution 
maps with kernels satisfying (£ m \d^k m {£)\ 2 )h < c „ for \0\ < [§] + l, which 

is just a form of Hormander-Mihlin multiplier theorem for ^-valued kernels. 

Lemma 3.2. Let ip : G — > be a length function with dimH^ = n. Let T stand 
for the free group Foo with infinitely many generators 71,72,... and left regular 
representation Ar- Consider a sequence of functions (/i m )m>i in C kn (M. + \ {0}) for 
k n = [§] + 1 smc/i £/ia£ 



m— 1 



.2. 

Lei fc m : l n \ {0} —} C given by fc m (£) = ^m(|£| 2 )- Then, we find a cb-map 

00 

A : i 00 (M")®£(r) 9 ^ / 7 <g> A r ( 7 ) ^ ^ *"» * A- e bm Or- 

7GT m=l 

Proof. According to the noncommutative Khintchine inequality for free generators 
[51], the map e\ m ©oo e m i n- Ar(7 m ) is a cb- isomorphism and the span of Ar(7m)'s 
is cb-complcmcntcd in C(T). In particular, it suffices to show that we have a cb 

l^Em^*/™ 6 BMO K n . Since 
we have an intersection of row and column at both sides, it is enough to prove the 
row-row and column-column cb-boundedness. By symmetry, we just consider the 
column case, so we are reduced to show that ^ m f m (g> e m i 1— )• Yl m * fm defines 
a cb-map C(L oa (R n )) -> BMOr„, where C(L 00 (R")) = C ® mi „ L 00 (R") and C 
stands for the column subspace of B{l<i). It suffices to show the validity of the 
predual inequality, which easily reduces to 



Z ll fcm *HL 

m— 1 



for ^2-valued functions. Using the atomic characterization of Hi^t^), we may write 
its norm as inf ^ k |Afc| where the infimum runs over all possible decompositions 
Lp = Afcafc as a linear combination of atoms ctfc, which are mean zero functions 
E™ — » £2 supported by cubes and such that ||ctfc||x, 2 (i 2 ) < |suppafc| -1 / 2 . By the 
triangle inequality, it suffices to see that the left hand side is < 1 when ip is an 
arbitrary atom a supported by an arbitrary cube Q. We have 



00 



a(x)\\ /n ) dx = + =A + B. 

J5Q JTSL"\5Q 
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Our hypotheses easily give 



oo i 

( I 9 ? M£)| 2 ) 2 < c n for all such that |/3| < 



As we remarked before the statement of this result, this implies the hypotheses of 
Lemma l3~Tl In particular, we have J2 m \\k m * /||| < ll/lli- This, together with 
Holder's inequality gives rise to 



A < / \\k m *a(x)\\ 2 i2 dx 



5( 3 TO =1 

oo oo 



< 



2\ 2 



< 



a(x) L dx) < 1 



j — 1 m— 1 

for a = (<Jj)j>i- On the other hand, using the mean-zero condition 



B = 



< 



>\5Q 



Ell /(Mx- ,) -Mx- 



dx 



^ |fc m (a: - 2/) - &m(z - cq)| 



< 



R"\5Q m=1 
a{y)\\,dy < j\Q\ 



dx 



|a(y)||„ dy 



according to condition iii) in Lemma 13. 1[ which holds as a consequence of the 
Hormandcr-Mihlin condition in the statement. The estimates for A and B show 
that the prcdual inequality holds and the proof is complete. □ 

Theorem 3.3. Let 

Tf = V T m f ® A r ( 7m ) = V h m ^(g))J{g)\(g) ® A r ( 7m ) 

* — J ra * — 9, m 

for f = ^2 g f(g)X(g). Then, the following square function inequalities hold: 

i) If Gr = G x r, the maps 

T:£(G)^BM0^ 8 (£(G r )) and T : L p (G) -> L p (G r ) 

are completely bounded for 1 < p < oo, where cty,® = (S^j ® *^£(r))t>o- 
In particular, we find the square function inequalities 



T ™f ® ^ 



m— 1 



<cb C p ||/|| ip (g), 



where L p (G] £^ c ) refers to the space L P (1Z; t 2 rc ) defined above for 1Z = C(G). 
ii) Additionally, we have 



£iMOi a = i 



l/ll 



<cb C p Tmf &n 



m—1 
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Proof. As it follows from our proof of Lemma 13. 2\ the smoothness conditions 
that we have imposed on the h m 's, together with Lemma 13.11 and the fact that 
eirn ©oo e m i i— t> Ar(7m) is a cb-isomorphism, imply that we have a cb-map 

oo 

T' : J2 faK9) eKi^Yl E( fc ™ * A)AQ?) ® A r(7m) & BMO Kl2 , 

geG m=l g eG 

where Ki = £oo(K n ) x G and K 12 = Ki®C(T). The BMO space is cb-isomorphic 
to BMO^g, given by S® = (S t X idc(G r ))t>o- As in Theorem 12.41 we may replace 
K™ by its Bohr compactification (which in turn is isometric to H^) and use the 
embedding 7r^ : £(G) — > C{H^) X G to obtain that T" o n^, = (n^ <£> idc{v)) ° T. 
Here it is relevant to recall the identity k rn * exp b^(g) = h m (ip(g)) exp b 1 p(g), which 
follows from 

k m *expb i ,(g) = [ k m (--y)e 2m ^),y) dy 

JR™ 

= / k m (y)e- 2vi < b *^ dy e 2 ^ b *^ = h m (^(g)) expb^(g). 

Arguing as in Theorem^ we get T : £(G) -A BMO^ 8 (£(G r )). The complete 
boundedness on L 2 follows immediately from the smoothness condition for k = on 
the h m 's. Thus, by the usual interpolation argument we obtain the cb-boundedness 
for 2 < p < oo. The case 1 < p < 2 is slightly different because T is not self-dual 
as in Theorem EH We have T*(Y, yeT f-y ® A r (7)) = E m T m(Am)' Since the L 2 
boundedness is clear, it suffices to show that T* : £(Gr) — > BMOs^, is completely 
bounded. Indeed, arguing once more as in Theorem 12.41 we find 

oo 

T*(£/ 7 ®A r ( 7 )) = J V T*+ EM0)A m (.9)A(ff), 

76T gGG m=l 

where J p : L P {G) -> L°(G) and G = {.9 G G | ^(5) = 0}. The first term on the 
right is cb-bounded on L p by interpolation. To estimate the L p -norm of the second 
term we use Cauchy-Schwartz, the conditional expectation £q onto the closure of 
spanA(Go), the noncommutative Khintchine inequality for free generators and the 
fact that the span of the Ar(7m)'s is completely complemented in £(L), see e.g. 
[5d1 IM] . Altogether gives rise to the following estimate 

00 

I E ^Moj/ 7m ( 9 )%) 



< cb (Ei^(°)i 2 )l(Ei^(/- 

ni—l m— 1 

00 1 00 

< cb (eimo)i 2 ) 3 ||(i;i/ 

rn—l 

00 

E im< 



< 



m— 1 



m— 1 

1 00 



E Am ® A r (7m) 



m— 1 



El /l ™( )IT|SA®Ar(7) 
7er 
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This proves the claim. For the L x — > BMO estimate, we recall that 

oo 

A : Loo(R re )(ii>C(r) 9 f-y ® Mt) * f lm G BMO R - 

7GT m=l 

is cb-bounded from Lemma T3. 2 1 Replacing again M" by its Bohr compactification 
and BMOrij by BMO5, we use that A is G-equivariant (recall that k m is radial) 
with respect to the natural action and apply Lemma 11.21 This shows that 
A x idc ■ 72-12 -> BMOs^ (1Zi ) is cb-bounded. Finally, we observe that A x idc = T'* 
and the intertwining identity T'* o (tt^ ^>idc(r)) = ^ip°T* still holds. Hence, we get 
that T* : £(Gr) BMOs , is a cb-map and T is cb-bounded on L p for 1 < p < 00. 
Thus, we conclude 

00 

m— 1 p ' rc 

according to the noncommutativc Khintchinc inequality for free generators. The 
proof of ii) is straightforward. Indeed, if J2 m l^"i(0| 2 = 1 it is clear that we find an 
isometry ||T/|| 2 = ||/|| 2 . By polarization, we obtain h) l 2( g) = ( T h> T h) l 2 (g t Y 
Therefore, if / € L 2 (G) n L P (G) we see that 

\\f\\ p = sup{(T/,r g ) L2( g r) | geMG)nv(G), NIp' < 1} < I|t/IIp- 

By density, this inequality still holds in the whole L P (G). Moreover, the same 
estimate is valid after matrix amplification and we deduce the assertion once more 
by means of the noncommutativc Khintchinc inequality for free generators. □ 



Remark 3.4. There exists an alternative formulation of Theorem 13.31 which is 
also standard in classical Littlewood-Paley theory. Namely, let p : M" — > C be 
a radial function in the Schwartz class Sth*> and assume that X^mez l/°(2 -m £)| 2 
is uniformly bounded on £ G R" . Then, Theorem 13.31 also holds for the functions 
h m (0 — p(2~ m V£i 0, . . . , 0). We may also provide Littlewood-Paley type estimates 
associated to non-radial Fourier multipliers by means of Lemma |3. II and our results 
for no nequi variant CZO's. 



4. Dimension free estimates 



Our results so far imposed dimH^ < oo for the tangent space associated to our 
length function ip. We are now interested on L p estimates for Fourier multipliers 
exploiting the structure of infinite-dimensional cocycles on G. This will include 
dimension free estimates for noncommutative Riesz transforms — both in gradient 
and cocycle forms — and radial Fourier multipliers. 



4.1. Khintchine type inequalities. Our results on Riesz transforms will rely 
on Pisier's method |60j and a modified version of the noncommutative Khintchine 
inequality, which goes back to |38( 1391 . Given a noncommutative measure space 
(M,t), we set RC P (M) as the space of sequences in L P {M) equipped with the 
norm 

if 1 < p < 2, 

v 

} if 2 < p < oo. 



|(/ fc )|| RC P (M) 



inf 

=9k+h k 
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The noncommutativc Khintchinc inequality reads as G P (M) = RC P (M), where 
G P {M) denotes the closed span in L p (fl, fx\ L P (M)) of a family (j k ) of centered 
independent Gaussian variables in (f2, fi). The specific statement for 1 < p < 00 is 



v \ I 



Our goal is to prove a similar result adding a group action to the picture. Let % 
be a separable real Hilbert space. Choosing a orthonormal basis (e^), we consider 
the linear map B : % — s- £2^, A*) given by B(h) = Y^k^i e k)u Ik- Let £ stand for 
smallest er-algcbra making all the _B(/i)'s measurable. Then the well-known gaussian 
measure space construction [4] tells us that, for every real unitary a g 0(H), we 
can construct a measure preserving automorphism a a on Lo^fJ, E, /1) such that 
a a (B(h)) = B(a(h)). Now, assume that a discrete group G acts by real unitaries 
on T-L and isometrically on some finite von Neumann algebra M . Set 

G p (M)xG = [Yl E( S W®./W0 A G7)} C Lp^^E.M;^)^). 
/ie« 9 eG 

We will also need the conditional expectation E(J2 g fgM9)) = S 9 (Jsi fgdn)^(g), 
which takes L p (L 00 (n, £,/i)(g).M) xi G) to L p [M x G). The conditional L p norms 

L re (E) = \ L ^ E ) + L ^ E ) if 1 <P< 2 > 
p[ ' \L r p {E) f]L p (E) if2<p<oo. 

are determined by \\f\\ Lp{Er = \\E(ff)h\\ p and ||/|| Lp ( B) . = \\E(f*f)i\\ p -the 
row/column conditional spaces — see e.g. [30] for the slight modifications needed 
for 1 < p < 2. Define RC P (M) x G as the gaussian space G P (M) x G, with the 
norm inherited from L r p c (E). 

Lemma 4.1. If 2 < p < 00, we find 

ll/IUc p (A4)xiG < ||/||Gj,(M)xiG < C(p)\\f\\ RCp (M)yiG- 

Proof. The first inequality follows trivially from the continuity of the conditional 
expectation on L p / 2 - The proof of the second one relies on a suitable application 
of the central limit theorem. Indeed, assume that / is given by a finite sum of 
the form / = J^h g (B(h) €5 fg,h)^(g)- If we fix m > 1, we may use the diagonal 
action on 1™{J£) and repeat the gaussian measure space construction on the larger 
Hilbert space, resulting in a map i™(H) — >• L%(Q, m , S TO , /U m ). Let <p m : % — s- t^i^Vj 
denote the isometric diagonal embedding h 1— > ^= Y^j h <2> ej and F\ , F2 , ■ ■ . , Fk be 
bounded measurable functions. Then 

n(F 1 (B(h 1 ))---F k (B(h k ))) = F 1 (B(<j> m (h 1 ))---F k {B(0 m (h k )) 

extends to a measure preserving *-homomorphism ^^(Sl, E, fi) — > ioo(r2 m , £ m , fi m ) 
which is in addition G-equi variant, i.e. ■n(a g (f)) = a g (iT(f)). Thus, we obtain a 
trace preserving isomorphism ttq = (ir (g) icLm) x *<fc from L^^n, £,/i; M) xi G to 
the larger space L^r^n, E r „, /i m ; M) xG. This implies 



m 
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We may define the random variables fj = J2h gC^C 1 ® £j) ® fg,h)^(g), which are 
independent over E, see [33] [35] for details. Hence, the noncommutative Rosenthal 
inequality applies and we have 

m i m .1 m 

\\f\\ GA M ) , G <^[(T,\\mY+\\{j: E (f;^y\[ +||(Ew;))) i 



i=i i=i 
Note that E(fjf*) = E(ff*) and £(/?/,•) = E(f*f) for all j. Moreover, we also 
have \\fj\\. p = || /||p. Therefore, the second inequality follows sending m — > oo. □ 

Remark 4.2. An improved Rosenthal's inequality [36] actually yields 

ll/llGp(jVf)xiG < C\/pII/IIrC„(>1)><G) 

which will provide the correct order of the constant in our Khintchine inequality. 
Theorem 4.3. If 1 < p < oo, we find 



lp-1 

Ciy— — ||/|Uc p (A4)xG < 11/ IIg p (A4)>siG < C 2 \/pII /II RC P (M) xG ■ 

G p (A4) xi G is complemented in L p (L oc (r2, S, /i; A4) x G) wit/i c p ~ \/p 2 /p - 
Proof. The gaussian projection is given by 



which is independent of the choice of the basis. Let Q = (Q ® idjn) x *<^G be 
the amplified gaussian projection on i p (L 00 (r2, S, //; A4) X G). It is clear that 
G P (A4) x G is the image of this L p space under the gaussian projection. Similarly 
RC P (M) x G is the image of L r p c (E). Note that 

Q : L' p c {E) -> RC P (M) x G 

is a contraction. Indeed, £(//*) = E{QfQf*) + E(Q ± fQ ± f*) > E(QfQf*) by 
orthogonality and the same holds for the column case. This immediately gives that 

H/IUc p (A4)xG = Sup |tr(/ 5 )| < ( Sup ||g|| G ,(X)xiG) II/IIGp(A4)xG 
llffl|jecr«<l V llsll^Cg <1 7 

with 1/p+l/q = 1. Let us now prove the statement. According to Lemma 14. II and 
Remark 14.21 we know the first assertion holds for p > 2. The first inequality for 
p < 2 now follows from the duality estimate above. The second one is a consequence 
of the continuous inclusion L p c (E) — > L p forp < 2, see [33] Theorem 7.1]. It remains 
to prove the complementation result. Since the gaussian projection is self-adjoint 
we may assume p < 2 and 

II^^IIgp(A4)xG - ( ^ 1 ll ( 3^llflC p (A4)xG 

= Ci sup \tr{Qfg)\ = Gi sup |tr(/Qg)| 

llslU<i llslU^ 1 

Ci sup ||Q.9|| G(!(a ^) > , g II/IIgp(a4)xg < CiV<i\\f\\G p (M)xG- 

ll^llg^l 



< 



The last inequality follows from the first assertion for q, the contractivity of Q on 
L p c (E) and the continuity of E on L q / 2 - This completes the proof of the result. □ 
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Remark 4.4. Let us observe that, when restricted to RC P (A4) XI G, the conditional 
norm provides the expected square function. Indeed, for and orthonormal basis (et) 
and / = J2k,g( B ( e k) ® fg,k)X(g) we find 

ii/ii w = ||(E A ^rv 9 %/ S ', fe A( 5 '))"| p - 

k,g,g' 

For the row norm, we prefer to write / = ^2 k X(g)(B(ek) <E> f' g fc ) for suitable /' fe . 

4.2. Pisier's method and Riesz transforms. Pisier's approach to the classical 
Riesz transform on R™ gives dimension free estimates and is based on a suitable 
automorphism group. The same tools will be applicable for semigroups of Fourier 
multipliers on discrete groups. We denote by A the Lebesgue measure in R n , 7 the 
normalized gaussian measure and v the Haar measure on the Bohr compactification. 
The automorphism semigroup 

Ptf(x,y) = f(x,tx + y) 

extends to a measure preserving *-homomorphism on L 00 (M. n x R™,7 x A) and on 
L oa (M n x R™, A x z/), including the case n = 00. Moreover, if G acts on R™ then 
Pt commutes with the diagonal action. The key point in Pisier's argument is to 
identify the Riesz transform as a combination of the transferred Hilbert transform 

Hf = p.v.- [ W)t 

and the gaussian projection Q : L p (R™,7) — > L p — span{£?(£) | £ € R' 1 }. Here the 
gaussian variables are given by B(£)(y) = (£, y), homogenous polynomials of degree 
1. Pisier's magic formula for smooth / is given by 

^A-i/ = (Q®id r )(p.v.^| ) 3 t /f) 1 
where 5 : C°°(R") -> C°°(R" x R") is given by 

6{f){x,y) = Y j ^-y k = {Vf,y). 

k=l Xk 

Lemma 4.5. If 1 < p < 00, we find 

<5A"3 x id G : L P ( J L 00 (R",^) »G)-) L p (L 00 (R n x R Tl , 7 x v) x G) 
with norm bounded by Cp 3 /(p — l) 3 / 2 . Moreover, the same holds for n = 00. 

Proof. The cross product extension of Pisier's formula reads as 

Jit 



J- (SA 2 x id G )f = ({Q <8 id Rn ) x id G ) fp.v. - f (fit x id G )f 

V 7T V 7T J R 



This gives <5A~5 x id G = \/tt/2 Q(H x id G ). By transference, the first mapping 
is bounded on L p with constant ~ p 2 jp — 1. Then, the assertion follows from the 
complementation result in Theorem 14.31 The proof is complete. □ 



Given a length function ip : G —> R+, let us consider the gaussian derivation 
Sjp : £(G) — >• ^^(R' 1 ^) x G which is determined by S 1 p(X(g)) = B(b^(g))X(g), 
where : G — > R n is the (left) cocycle map associated to ip. Note that we include 
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the case n = oo, so that any length function/cocycle is included. Let us also consider 
the generator A$(\(g)) = ip(g)A(g). Then we use our usual *-homomorphism 
7r(A(g)) = cxp bip(g) X(g) and observe that (5 x id G ) o n = (id^n x n) o 5^. This 
yields the intertwining identity 

(5A~2 x i^c) o 7r = (idan x n) o <5^A^ 2 . 
By Lemma [33] both sides are bounded L P (C(G)) -> £ p (£ 00 (R n X M n ,7 X i/) X G). 

Theorem 4.6. 7/1 < p < oo, we find 

i 

ll^/||p ~ci(p) H'Vllp ~c 2 (p) II<WIUc p (C)xiG' 

Moreover, E(S^f*S 4 J) = !>(/,/) and E(5, 4 ,fS 4 J*) = !>(/*,/*) so i/iai 



A!/ 



</,./ Hp c(p) 



. inf ||£(0 1 #)L+ TOSfc)L if Kp<2, 



max 



c{||iV(/,/)*|| p) ||r^(/*,r)i|| p } if 2< P<0 o. 



Proof. We have 

II^/IIp = ||(Wr» * tt)M^(aJ/)|| p = H ((5A ~" * id ^( A p)\\ P < c i(p)\\4f\\p- 

According to Lemma [4751 we find c\{p) < p 3 /(p — 1 ) 3 ^ 2 . The upper estimate follows 
with the same constant from a duality argument. Indeed, given a trigonometric 
polynomial /, there exists a trigonometric polynomial /' with |j/'|| p ' = 1 and such 
that 

{l-e)\\Alf\\ p <T G (fA\f). 

Note that 1 is only well-defined on /" = E^w^o / Wi^w)' However, since 
Go = {g G G | ip(g) — 0} is a subgroup, we may consider the associated conditional 
expectation on £(G) and obtain /" = f — E Go f so that ||/"|| p ' < 2. On the 
other hand, we note the crucial identity 

= E hi9x)M92)( J ag -i(B{b^{ gi ))B(b^g 2 ))) d^T G {\{g^ g 2 )) 

9l ,92 



= J2^9)h(9){h(9)M9)h = E U9)U9W{9) = r G (Ap*Alf 2 ). 
gee g£G 

Combining both results we get 

= Y^tr Lao(n)>iG (S 4 ,(A^f)S^f) 

< T^-rll^V'I^IIWIIp £ t-^ttIIWIIp. 

where the last estimate follows from Lemma 14.51 This proves our first isomorphism 
with ci(p) < Cp 3 /(p - 1) 3/2 . Since 64, f G G P (C) x G, the second one follows from 
our Khintchine type inequality and the constants c 2 {p) are completely determined 
by Theorem 14.31 To obtain the last assertion, it suffices to prove the identities 
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E(S^f*6^f) = T^lf, /) and E^^fS-^f*) = T^(f*,f*). Since both are similar, we 
just prove the first one. Arguing as above, we find 



£(<V*<V) = Y,^)f{h){b^g),b^h))^X{g- 1 h) = I>(/,/) 

g,h 

since we know that (b^,(g), b^(h))^ = K^,(g, h) = ^(ip(g) + i>{h) — ip(g~ 1 h). □ 

Theorem D in the Introduction follows from the last assertion of Theorem 14.61 
When 1 < p < 2, we may consider decompositions of / = f\ + $2 so that tfij = S^fj 
in our result. These particular decompositions give rise to 

WApW < c(p) inf Wt^ajjW +||r v ,(/ 2 *,/*)|| 

We suspect the reverse inequality does not hold. This would require to show that 
the subspace of derivations of functions is complemented in G P (C) xiG for 1 < p < 2. 

As a byproduct of our methods, we obtain L p estimates for ^-directional Ricsz 
transforms associated to arbitrary — not necessarily finite dimensional — cocyclcs 
of our discrete group G. 

Corollary 4.7. Given a discrete group G and any length function ip : G — >■ R+ 
with associated (not necessarily finite dimensional) cocycle b^ : G — > H^p, let us fix 
a unit vector r\ <E TA.^- Then, the ip- directional Riesz transform 

RJE f(9)X(9)) = -i£ { ^^K 9 )K9) 

in the direction of -q defines a bounded map L p (G) — > L p (G) for all 1 < p < oo. 
Proof. We have 

Rnf = -^((^)l£(G))*(M^/)^ 
By self-adjointncss, it suffices to consider the case p > 2 and we find 

WRnfWv < \M\Bm^G)\ 2 )%\\E{\S i> A; i f\ 2 ) i \\ p 

11 i C~/T) 

= \\E(\S^A--»f\ 2 y\\ p < \\8^A-->f\\ p < —^ll/ll,. □ 

4.3. Radial Fourier multipliers. We now present a transference method between 
radial Fourier multipliers on discrete groups and their Euclidean counterparts. As 
usual, given a length function ip : G — > R+, we write S$ = [S^ t t)t>o for the 
semigroup X(g) i-> exp(—tip(g))X(g) and S = (St)t>o for the heat semigroup on E n 
or its Bohr compactification. 

Proof of Theorem E. The equivalence i) <^ ii) is clearly a particular case of 
point D in the proof of Theorem 12 . 41 since the row case is justified in the exact same 
manner. The implication iii) => ii) follows by taking (G, ip) = (R^ isc , | | 2 ), while the 
argument for i) => iii) is implicit in the proof of the result proved in Paragraph s. 41 
Indeed, if b^ is the inclusion map associated to either the left or the right cocycle 
for ip, we note that 

m = m o b^p for m = h o ip and fh = h o | | 2 . 
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This proves the first statement. In fact, the argument for i) => iii) also applies 
assuming boundedness on the Bohr compactification instead. Moreover, a careful 
look at this argument shows that all what is needed is Lemma 11.21 for equivariant 
CZO's and the intertwining identities in Theorem 12.41 Particularly, nothing is 
affected when we take d = oo as far as we remove condition i) . This shows that ii) 
•<=> iii) even in the infinite-dimensional setting. □ 

Remark 4.8. Boundedness is equivalent to cb-boundedness for all these maps. 
Indeed, let cb-j) denote the cb-version of j). Then, the assertion clearly follows 
from the chain i) <=>• ii) iii) =>■ cb-iii) =>■ cb-ii) cb-i). The implication cb-iii) 
cb-ii) is trivial, while the last implication follows again from the argument for 
point D in the proof of Theorem 12. 41 Therefore, it suffices to show that ii) =>■ cb-iii) 
which follows again from (the last statement in) Lemma 11.21 and the intertwining 
identities. This completes the proof. 

Remark 4.9. It is standard that 

|a?m(o| < c„ier l/31 =* su P (— 1^ / |a£m(0| a de)' < c„. 

? R>0 lm JR<\i\<2R ? 1 

If the inequality on the right holds for all < [?] + 1, we say that fh satisfies 
Hormander's smoothness condition. This condition also implies the L p as well 
as the Loo —> BMO boundedness of the Fourier multiplier on W 1 . Thus, by 
Theorem E we see that whenever fh satisfies the (weaker) Hormander smoothness 
condition and fh = ho | | 2 , the Fourier multipliers T^oip are L p and Loo BMO 
bounded for any discrete group G with dimH^i = n. 



5. Illustrations and comments 



We finally illustrate our main results in a variety of scenarios. This will include 
new examples of L p bounded Fourier multipliers on R™ — via a reformulation of 
Hormander and de Leeuw theorems in terms of length functions/cocycles — Mihlin 
type multipliers and dimension free estimates on W 1 , noncommutative tori or the 
free group algebra and new examples of Ricffel's quantum metric spaces. We also 
add at the end a brief algebraic/geometric analysis of our results. 



5.1. The n-torus. Since 

t ) J R n I j 



dx > 0, 



Schoenberg's theorem gives that ip(k) = \\k\\ 2 is a length function on Z". Being an 
abelian group, both Gromov products and coincide, so that there is just 
one Hilbert space and one inclusion map : G — > H^- In the specific case 
considered, the inner product takes the form 

( Mi. ak5k ), 4 , = a o ak 0' fc ) R " = I J2 ML- 

According to Lcmma l2.1i we have to quotient out the subspace of finitely supported 
sequences (aj)j e z n for which J2j a j3 = 0- ^ i s easnv checked that the resulting 
quotient is n-dimcnsional — so that ~ R™ — and the map b^ : Z™ — > W l 
becomes the canonical inclusion. This cocyclc is equipped with the trivial action 
a^,fc = idgi™ for all k e Z™. In particular, we find that |a^(Z™)| = 1 in this case 
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and Corollary E meets exactly the classical Mihlin condition, so that we recover 
the original formulation of Hormandcr-Mihlin theorem for T". 

5.2. On de Leeuw's theorems. Taking G = R2 isc and recalling K. de Leeuw's 
compactification theorem [5] , our assertion in the Introduction for multipliers in R" 
follows at once from Theorem A and the fact that we may take e = for abelian 
groups. Let us analyze this result by considering the variety of finite-dimensional 
cocycles of R™. This provides a unified approach towards Mihlin and de Leeuw's 
theorems and L p multipliers on R™ which are apparently new. Our L x — > BMO 
results via Theorem B also appear to be unknown for some cocycles. 

To construct a generic d-dimensional cocycle for G = R™, assume that we have 
(n, d) = (ni,d\) + (712,(^2) with rij = iff d 3 ■ — for j = 1,2. Consider a triple 
£ = (77, 7r, 7) composed by 77 € R dl , a representation 7r : W 11 — > 0(d\) and a group 
homomorphism 7 : R™ 2 — > R da . Then 6 E (£) = & s (£i©6) = (7r(£i)f?-»7)©7(6) is a 
cocycle of R™ associated to Hy, = R d and as,£ = tt(£i) © id K d 2 ■ In fact, all possible 
cocycles R™ — > R d break up into an orthogonal sum of an inner and a proper part 
(any of which may vanish) as above. The proper part is always associated to the 
trivial action. This characterization is not hard and it may be folklore. It was 
already noticed in [7J and a proof can be easily reconstructed from [77J Exercise 
4.5]. Here is a list of applications of Corollary F. 

1. Mihlin theorem. Apply Theorem A (e = 0) with the trivial cocycle R n ->1". 

2. de Leeuw's restriction theorem. In his paper [5], de Leeuw proved that the 
restriction to R fc of any sufficiently smooth function m : R™ — > C which defines 
an I/p-bounded Fourier multiplier, is also L p -bounded. In our setting, de Leeuw's 
restriction corresponds to take the standard cocycle M fe — > W 1 given by the inclusion 
map associated to the trivial action. 

3. de Leeuw's periodization theorem. Another consequence of de Leeuw's approach 
is that Z"-pcriodizations of L p -multipliers in R™ supported by the unit cube remain 
in the same class, see also Jodeit [22]. This corresponds to b : R™ — > R 2n given 
by 6s (0 = Ej(e 27ri ^ - l)ej, with action a E , e (C) - E 3 e^Qej for Q G C. Our 
Loo — > BMO estimate is apparently new. 

4. Directional multipliers. Taking b^(S,) = ^j^jlji just [5] + 1 = 1 derivative 
is needed for the lifting fh since 6s is 1-dimensional with trivial action. Letting 
7j = Sj—j we obtain multipliers depending only on the jo-th coordinate. Taking 
71, 72, . . . , 7„ to be Z- independent, we obtain injective cocycles and multipliers 
depending only on the direction u 7 = (71, 72, . . . ,7 n ). 

5. Directional BMO spaces. Our L^ — > BMO estimates from above seem to 
be of particular interest. Indeed, taking m(£) = — isgn(£) and as above, it 
turns out that = m(&s(£)) induces the directional Hilbcrt transform H u in 
the direction of u 7 . It is well-known that H u is not L^ — s- BMO bounded for 
the classical BMO space. However, Theorem 12.41 provides the alternative space 
BM0„ 7 = BM0 5v , for ?/>(£) = |(£,u 7 )| 2 . Recall that this BMO space interpolates 
with L p and thus provides the right endpoint estimate for the directional Hilbert 
transform. Moreover, working with proper d-dimensional cocycles we obtain the 
obvious generalizations for 1 < d < n. 
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6. Donut type multipliers. We now focus our attention on the cocycle outlined in 
the Introduction. Namely, let a,{3 £ R+ such that a/ [3 £ R \ Q. Consider the 
cocycle R —> R 4 given by 

MO = (e 27rM? - 1) © (e 27rif3 « - 1) 

= ( cos 2na^ — 1 , sin 27ra£ , cos 2irf3£ — 1 , sin 27r/3£) 

with the action a£,f {z\, Z2) = (e 2ma ^zi 7 e 27 ™^^) for Zj € C. Geometrically, we 
embed K in a 2-dimensional torus as an infinite non-periodic helix. This geodesic 
flow clearly generalizes by taking cocycles R™ — > R 2d of the form 

s=l 

7. Further examples arise from mixed — neither inner nor proper — cocycles. 

Remark 5.1. If we work with Z™ instead of R^sc' the same comments apply for 
Fourier multipliers on the n-torus. Moreover, given a locally compact nondiscrctc 
group G, we may also obtain new results for Fourier multipliers on its reduced 
von Neumann algebra as far as we have an analog of de Leeuw's compactification 
theorem for the pair (G, Gdisc), see [55] for more on this topic. 

5.3. Unusual Riesz transforms on R™. Let us start with the group G = Rdisc- 
By subordination, it is easy to sec that the function ip a (£,) = |£| Q is conditionally 
negative. As we showed above for the n-torus, the length function = |£| 2 yields 
the standard cocycle on Rdisc- Let us focus on ^(C) = which has an interesting 
gradient form. Indeed, defining the intervals 




[0,£] £>0, 
K,o] £<0, 



we may write the associated Gromov form as follows 

= '*'+ - / xz.uxi.(-)*. 

z Jr 

This leads to the cocycle : Rdisc — > ^(R) given by &,/,(£) = x/ 5 , we refer to 
Paragraph 15.51 below for details in a similar construction. In order to formulate 
Meyer's Riesz transform, we denote by B(I)i c ^ a family of gaussian variables 
satisfying J R B(I)B(J)d/j, = \I f] J\. This can be done combining the standard 
Brownian motions B tj + = B(I t ) and -Bt,- = B(I- t ) or by the gaussian measure 
space construction on %^ = L2(R). Meyer's Riesz transform is given by 

The action of R diS c is given by a x {B(b^(y))) = B(I x+y ) - B(I X ) = B{a x (b i ,{y))). 

Let us now take G = R n . In the Introduction, we mentioned the conditionally 
negative functions = J n \ ^ • Ci/il^A* given by fj £ Li(£l, fi). The boundedness 
of the imaginary powers on L p follows from Stein [73] . In this case, the cocycle is 
given by 

h(0 = Xi+ + Xj- e L 2 (fl xl,/ixA) 
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where A denotes Lebesgue measure and 

n 

^ = {(u>,s)\0<s<J2tifj(")}, 

n 

I£ = {(«,*) | ^O/i(w)< S <0}. 
i=i 

As above, we use a Brownian motion B(E) with E C O x K of finite measure. 
The Meyer's type Riesz transform associated to our cocycle is now given by the 
following relation 

The -0-directional Riesz transform is given for 77 G x R, A* x A) by 

R^e 2 ^) = -;t=( I r 1 {u,s)d^)ds) e 2 ^ . 

The action a is calculated as in the example above, details are left to the reader. 
Corollary 5.2. If 1 < p < oo, we find 

i) Meyer's type formulation. This yields an embedding 

Rip = : i P fec) ~> G P (C) x Q M2 isc . 

ii) Cocycle formulation. Given any 77 £ L2(f2 x R) ; we gei the L p estimate 

J2 (-^ml r ] {u,s)dn{u)ds)f{Oe^>-) 



iii) Unusual Riesz transforms. We use de Leeuw's compactification theorem 
to replace the Bohr compactification of K" by the Euclidean space with its 
usual topology. This yields the following family of L p -multipliers indexed 
by 77 G L 2 (0 x R) 

= / r?(o; )S )d M (a;)d S ) /(£)■ 

That is, we have T n : L p (W l ) -> i p (R") /or 1 < p < 00 and 77 G L 2 (fi x R) . 

Point iii) gives Riesz transforms for some nonstandard length functions. Other 
examples arise from the rich family of infinite-dimensional R"-cocycles. Taking f2 
a one-point probability space, we obtain the multipliers 



lei A 

According to Lebesgue differentiation theorem, Mihlin's condition implies 
to be essentially bounded. We only require 77 G L 2 (R) and it is easy to produce 
examples m r) such that m'„ has infinite many singularities, outside of the scope of 
Mihlin's condition. More general examples arise from Corollary 15.21 
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5.4. The noncommutative tori. We now generalize to noncommutative tori the 
Hormander-Mihlin conditions. Given n > 1 and an n x n antisymmetric matrix O 
with entries < 9ij < 1, we define the noncommutative torus with n generators 
associated to the angle as the von Neumann algebra Aq generated by n unitarics 
Ui,U2, ■ ■ ■ ,u n satisfying the relations UjUk = e 2 ^ k UkUj. Every element of Aq 
can be written as an element in the closure of the span of words of the form 
Wk = u^vlif ■ ■ ■ wJt» with k = (ki, fe, . . . , k n ) € Z n . Moreover, we equip Aq with 
the normalized trace 

t (/) = t ( E /(*)«*) = /(o). 

fcez™ 

The classical n-dimcnsional torus corresponds to 6 = 0, so that Aq = Loo(T"). On 
the other hand, once we have defined Aq, it is clear what should be the aspect of 
the heat semigroup for noncommutative tori. Namely 

SeAf) = 8 e ,t( E f( k ) w k) = E /(fc)e- t|fc|2 ^. 

fcez™ kei n 

We may not apply directly any of our results in Section [5] since Aq is not the 
group von Neumann algebra of a discrete group. We will use instead that Aq 
embeds in the von Neumann algebra of a discrctized Hcisenberg group. Given an 
antisymmetric n x n matrix O with entries < 0jk < 1, consider the bilinear form 
Be:PxZMl given by B e (£,C) = | E",fc=i fyfe&Ck = U^ Q 0- Define the 
discrctized Hcisenberg group He = lxZ™ with the product 

{x,S)-(z,Q = (x + z + B e (Z,Q,Z + C). 

Lemma 5.3. We have 

/■© 

£(H e ) = / A x Qdx. 

JR 

Proof. Let A denote the left regular representation of He- Since (x, 0) commutes 
in He with every (z, £), it turns out that A(R, 0) lives in the center of the algebra 
£(He). Using von Neumann's decomposition theorem for subalgcbras of the center 

£(He) = / M x dx= \ M x dx. 

^sp(A(K)) JR 

Given £ G Z", we set = A(0, £) and observe that w^w^ = A(£> e (£, C)>£ + 
implies w^w^ = A(-Be(£>C) ~ Bq((, £), 0) w^w^. The w^s are generated by the 
unitaries Uj = X(0,ej) which satisfy UjU^ = e 2r ' J ' fc ' u^Uj. Moreover, since A(R) 
acts an. M. x by scalar multiplication we see that 

M x = (uj(x) | 1 < j < n) 

where the Uj(x)'s arise from 
/■© 

Uj = / Uj(x)dx and satisfy Uj(x)uk{x) = e 2 ikX Uk(x)uj(x). 

JR 

Therefore, we have proved that M. x = A x q as expected. □ 
Corollary 5.4. Given an angle with n generators, let 

Wk 

fcez™ fcez™ 
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be the Fourier multiplier on A& associated to m : Z n — > C. Let rh : K" — > C be a 
lifting multiplier for m, so thatrh\ zn = m. Then, if fh satisfies rh £ CW +1 (IR™\{0}) 
and 

\d^m{£)\ < c n \£\~ 101 for all multi-index /3 s.t. \/3\ < 
we find T m : L p (A&) -r L p (A&) for all 1 < p < oo and T m : L oa (Ae) -> BMOs e . 

Proof. Let us consider the heat semigroup Set(A(:c, £)) = e _t '^' A(a;, £) and also 
the length function ijj(x,£) = |£| 2 in He- Note that 6>e = in the terminology of 
Section [5] The length function yields to the non-injective cocycle He — > R™ given 
by b^(x, £) = £. The associated action is trivial since 

In particular, |a^,(He)| < oo and we know that 

Tm : Yl f( h )Mh) ^ £ M h f(h)X(h) 

fi£H e h6H e 

will be cb-bounded £(He) — > BMOs e as far as we can find a lifting multiplier 
fhob^(h) = Mh satisfying the smoothness condition in the statement. Note also that 
the non-injectivity of the cocycle imposes M( Xj £) = Mr z ^\ for x, z £ K. However, 
this is not a restriction for the multiplier in the statement since b^(x, •) is 
injective for any x. In other words, we use mk = M/q^ = rh o 6^(0, k) = fh(k) as 
expected. Therefore, since 

M( x ? ) is x-indcpcndcnt =>■ Tm = / T m i A dx, 

Jr xS 

we conclude that 

ess sup \\T m : A x & — > BMOell , < oo. 

To show complete boundedness for x = 1, we restrict the above inequality to the 
C*-algebra generated by the %'s, where the AxO-noim is x-continuous in the sense 
of continuous fields |B5]. This proves the — > BMO cb-boundedness for .t = 1 
by weak-* density. The L p (Aq) — > £ p (.4e) cb-boundedness is proved as usual by 
interpolation and duality since the semigroup Sq is regular. □ 

Remark 5.5. There is an alternative proof of Corollarv l5.4[ by a noncommutative 
form of Calderon's transference method. That way, we can deduce the statement 
from the classical Hdrmander-Mihlin theorem in the n-dimensional torus, see |29j 
for details. On the other hand, Chen, Xu and Yin have recently extended to Aq 
several results from classical harmonic analysis on T n , see [3J. Also based on a 
transference argument, they have independently proved that cb- multipliers on the 
quantum n-torus are exactly those on the usual n-torus with equal cb-norms. We 
also refer to Neuwirth/Ricard's paper [53] for closely related methods. 

With the help of the Hcisenbcrg group He we can easily obtain Meyer type Ricsz 
transform estimates for the rotation algebras Aq. In fact, we work again with the 
length function ip(x,£) = |£| 2 . Then, the gaussian random variables are realized 
on (M. n ,j) with respect to the standard normalized gaussian measure. Hence, since 
the action is trivial we deduce from Theorem 14.61 that 

= S. 4 ,A^ : L p (C(R e )) -> L p (R n , T ,L P (CQI @ )). 
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is bounded (even completely bounded) for 1 < p < oo. It is easy to see that the 
direct integral decomposition of Lemma 15.31 amounts to a direct integral of the 
corresponding L p space (see |75j for p = 1) 

ll^l|L p (£(H e )) = [ \\ F (x)h p (A*B)dx. 

w 



This yields R^p(wk) = \u? Wk- We also find the same directional derivatives 



as for the corresponding commutative tori. Alternatively, we could have derived 
this result from a direct application of Pisier's method using suitable commuting 
automorphisms. It is fair to say that — with respect to tp — the first order differential 
forms do not depend on the deformation given by 0. 

5.5. The free group algebra £(F„). Let (G,^>) = (F ra , | |) be the free group on 
n generators with the standard length function counting the number of letters of 
a word written in its reduced form. The fact that this function is conditionally 
negative goes back to Haagerup [TSJ. When n = 1, the group is again abelian and 
we just have one Hilbcrt space H.^, and a single inclusion map : Z —> . The 
form is given by 

K (j . fc) _ \j\ + [fcj - \k - j\ _ jmm(\j\, \k\) if jfc > 0, 
2 1 otherwise. 

The system £j = Sj — ^- S gn(j) + N$ for all j G Z \ {0} is orthonormal as it can 
be easily checked. Let us see that it generates H,p. Indeed, it is obvious that <5o 
belongs to and we may write 

12 a & = 12 ( 12 ak ) ^ + 12 ( 12 ak )^ + (12 ak ) s °- 

j& j>0 k>j j<0 k<j fceZ 

Moreover, this shows that N^, is the subspace of R[Z] generated by 5$ and that 
dim "Hip = oo. In the case of several free generators, the situation is similar. Given 
two words g, h £ F„, we have K^(g, h) = | min(g, h)\ where min(<7, h) is the longest 
word inside the common branch of g and h in the Cayley graph. If g and h do not 
share a branch in the Cayley graph, we let min(<7, h) be the empty word. On the 
other hand, given a word g, we write g~ for the word which results after deleting 
the last generator on the right of g. Then, the orthonormal basis of is given by 
£ g = 5 g — S g - + for g £ F„ \ {e} and is generated by 8 e since 

12 a 9^9 = 12 ( 12 ah )^9 wnere we set £e = 8e- 

ge¥ n ge¥ n \h\>\g\ 

This yields the cocycle b]p : g £ F n M> S g — 5 e £ (F„)/(<J e ) • The right cocycle only 
requires slight modifications. Now we may construct Riesz transforms on the free 
group algebra as follows. Given / = ^2 g f(g)X(g), we find 



W,/) = J2 J{9)f{h)Kl{g,h)\{g- l h), 



!>(/*,/*) = J2 g .J(9)f(h)Kl(g,h)\(gh- 
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On the other hand, given n = Y^h^e a h^h G %\ = ^2(F n )/(<5 e ) we consider 



: E, 



-f{g)Kg) 



= -<E-^r(E<^.MJ/(ff)^) 



g,h V \9\ g '< 9 
/i'</i 



— iV^ — 7=1 min(o, f(g)Mg) = — — ==K^A 



g,h v V 151 

where the order is determined by the Cayley graph, as in the definition of g~~ above. 
Corollary 5.6. We have 

i) Meyer's formulation for 2 < p < 00 

||E vW(s)A( ff ) ~i|iv(/,/)*ii p +\M*,n%- 

II * p up 11 up 

ii) Cocycle formulation for 1 < p < 00 

lE.-fef(E o *)/(ff) A Cff) s ||E„/(3)%) 



'9 



h<g 



We refer to Paragraph 14.21 for the modifications on Meyer's form for 1 < p < 2. 

All what is needed to apply Theorems A and B is to know the more we can about 
finite-dimensional cocycles on F„. These cocycles are easy to classify. It suffices to 
know b(gk) and a 9k for the generators gk, but any choice of points and unitaries in 
M. d is admissible by freeness. Thus, the family of finite-dimensional cocycles of F n is 
too rich. We will concentrate on describing low dimensional injective cocycles since 
they can be regarded as basic building blocks of our family. Indeed, it is a good 
exercise to construct higher dimensional cocycles for F„ out of the ones considered 
below. Our problem simplifies since F„ embeds isomorphically into F2 for all n > 2. 
Consider the free group F2 with two generators 01,02- The construction below is 
well-known to group/measure theorists. Our first observation goes back to the 
proof of the Banach-Tarski paradox. Namely, if 9 € R\ 2irQ the subgroup of 5*0(3) 
generated by 



A\ = sin0 cos 8 and A 2 = 





is isomorphic to F2 under the mapping 

^2 3 a%a% ■ ■ ■ aZ * A Z A Z ' ' ' A Z € *°( 3 ) 

V v ' S * ' 

w We 

with k\, /c2, . . . , k r € {1,2}, kj 7^ fcj+i and n\, n.2, . . . , n r £ Z. On the other hand 
SO(3) acts naturally on M 3 and ag(w) = Wg defines an isometric action F2 rv K 3 
with associated cocycle map bg^(w) = Wg(£) — £ for some £ e Hg — M 3 . Therefore 
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we find a 3-dimcnsional cocycle (He, bg^, ct-e) for any £ G R 3 . In order to pick £ so 
that be£ is injective we must show that 

Ag= p| {7GR 3 |WM7) ^7} 
w£W 2 \{e} 

is nonempty. However, given w G ¥2 \ {e}, the orthogonal map Wg is a nonidcntity 
linear map on M". In particular, the Lebesgue measure of R 3 \ Ag is zero since it is 
a countable union of linear subspaces with codimension at least 1. This proves that 
the action ag is weakly free with respect to almost every (el 3 and for all such 
£'s we find an injective bg^ : ¥2 — >• R 3 . Our construction above is not completely 
constructive since we have not provided a criterium to pick the right £'s. If ei, &i, 
denotes the standard basis of R 3 , this can be fixed taking T-Lg = R 9 and 

ag(w) = Wg®Wg®Wg, 

b e (w) = (^( ei )_ci)e(W(j(e2)-ea)e(Ws(e3)-e 3 ). 

Corollary 5.7. Given 9 G R\27rQ, consider the free group algebra €(¥2) equipped 
with the cocycle (Hg,bg,ag) above. Let ipg denote the associated length function 
and fix a function m G C 5 (R 9 \ {0}) with 

\9^m(C)\ < min{|er^ l+e ,|(r l/?l " £ } for all \/3\<ll. 
Then, if m : ¥2 — > C is of the form m w = mo bg(w) we find that 
T m : V" f{w)X(w) H> V" m w f(w)\(w) 

t — * — J w 

defines a bounded map on L P (C(¥2), t) for 1 < p < 00 and £(¥2) — > BMOs +(| . 
Proof. This is a direct application of Theorem A and Remark 12.61 □ 
Further results follow inspecting the conditions of the other results from Section [5] 
Remark 5.8. Given the free group F„ = (gi,g2, ■ ■ ■ , 9n), 

S=l kj=S 

defines a non-injective Z"-valucd cocycle with respect to the trivial action. It 
vanishes on a normal subgroup H n with ¥ n /M. n ~ 1 n . Hence, the corresponding 
semigroup BMOg^ lives in £(F„/H„) ~ L 00 (T"). Corollary E shows that Fourier 
multipliers on F„ which are constant in the cosets of H ra can be analyzed in terms 
of the corresponding multiplier in the n-torus. Then we may compose the given 
cocycle with any other cocycle of Z n to obtain cocycles of F„. That way, our 
exotic examples for the n-torus can be transferred to produce interesting examples 
in the free group. In fact, the same observation applies for many finitely- generated 
groups. Indeed, according to Grushko-Neumann theorem any finitely-generated G 
factorizes as a finite free product of finitely-generated freely indecomposable groups 
Gi * G2 * • • ■ * G„. Thus, the same construction applies if all the factors Gj have 
independent generators g s , for which all reduced words satisfy for every 1 < s < n 

kj —S 
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5.6. New quantum metric spaces. The notion of compact quantum metric 
space was originally introduced by Rieffel [701 [71]. Let A be a C*-algebra and 
B a unital, dense *-subalgebra of A. Let || • ||n p be a seminorm on B vanishing 
exactly on Cl.4. The triple (A, B, \\ ■ ||ii p ) is called a compact quantum metric space 
if the metric p(4>i,4>2) — sup{ |0i (x) — 02 (^) I \ x £ B and ||a;||iip < 1} coincides 
with the weak-* topology on the state space S(A). This crucial property is hard 
to verify in general. Ozawa and Rieffel have found an equivalent condition to this 
property [531 Proposition 1.3], we rewrite it as a lemma. 

Lemma 5.9. If a is a state on A and 

ix G B such that ||x||ii p < 1 and o(x) = o| 

is relatively compact in A, then (A,B, \\ ■ \\n P ) is a compact quantum metric space. 

Given a length function tp : G — > K+, let ("H^,a^,&^) be either the associated 
left or right cocycle. We will say that tp yields a well-separated metric if 



= , ^n'^w = , , Si n A\ h ^9) - K( h )\\u , 



A,;, = inf ib (a) = inf 
Lemma 5.10. 7/dimH^ = n, we have 



> 0. 



< c„ 1 



2Ry 



\Br,*\ = I {6*0?) I M<?)l <r} 

{b^g) \(R-1)< |M$)I < R}\ < c n ((R+^) n -(R-l- ^T)) 
Proof. If £1 7^ £2 belong to Bu,ip, we have 



where B n denotes the Euclidean unit ball in T-L^,. This shows that 



2 



*)b, 



< C 1 



2Ry 



The second equation is proved similarly for R — 1 > |A^/2. 



□ 



Consider now a discrete group G equipped with a length function ip. We have 
noticed above that Go = {g G G | ip(g) = 0} is a subgroup of G. If we consider the 
usual semigroup given by S^, t (X(g)) = e'^Xig), it follows that 

L° p (G) = {/ G L„(G) I Mm S^ t f = o| = {/ G L P (G) | r(/) = /(e) = o}. 
Lemma 5.11. If dim H ,f, = n, A.^, > ; |Go| < 00 and 

\m(0\ < c «(! + l£l)~ ( " +e) for some e > 0, 
we find cb-multipliers T m : L%(G) — > L oc (G) for m = m o b^. In particular 
p^t ■ £i(G) -> £cx,(G)|| c6 < c(n)t-"/ 2 . 

Proof. Given / = E s /(flOMff) € 5[(Li(G)) with /(#) G M r , we have 

ll/(.9)A(. 9 )ll sr(Ll(e)) > ll/(.9)!ls r > ll/(.9)A(.g)|| sr(i3o(e)) . 
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Now it suffices to apply the triangle inequality and a counting argument. Since 
vol((/fc + l)B% \ kB%) = (k + l) n vo\{B%) - k n vo\{B%), we deduce that 



V] m g f(g)X(g) 

< * n 



sr(ioo(G)) 

< |m e ||Go|||/(e)A(e)|| 5r(ii(e)) 

+ (4A- 1 )"||/|| g ( sup \mm+nC(n,e)Y J k n - 1 (k-l)-^ 

which is dominated by ll/lls^^g-)) ■ The second assertion follows from 

J2 e'^V" 1 < C{n)T{n/2)t- n/2 . □ 

fc>4 

To state our next result, we need to consider the gradient form associated to 
the infinitesimal generator A,p(X(g)) = r >l'{g)X(g) of our semigroup 5,/,. Namely, if 
C[G] stands for the algebra of trigonometric polynomials (whose norm closure is 
the reduced C*-algebra of G), we set for /i,/a G C[G] 

2r(/ lf / 2 ) = A 4 ,(f*)f 2 + f*A 4 ,(f 2 ) - Mflhl 

Consider the seminoma 

||/|| r = max{||r(/,/)||^||r(/*,/*)||^} 

and the pseudo-metric dist^(<7, h) = yjil)(g~ 1 h). We find the following result. 
Corollary 5.12. If dim < oo, we deduce 

dist,/, well-separated metric =>■ (C* cd (G), C[G], || ■ ||r) quantum metric space. 

Proof. Since dist^,(g, h) = \\b^(g) — bj,(h)\\%., it defines a metric iff : G — > H*/, 
is injective iff Go = {e}. On the other hand, recalling that /) > 0, we see that 
r(/, /) = iff t(T(/, /)) = 0. It is easily checked that T (T(f, /)) = J2 g \f(g)\ 2 ^(g). 
Hence we deduce that || • ||r vanishes in CI iff Go = {e} iff dist,/, is a metric. It is 
also clear that dist^ is well-separated iff > 0. In particular, we can not have 
infinitely many points of 6w,(G) inside any ball of the finite-dimensional Hilbert 
space T-L^j. This means that the set {VKf) 1 Iff e l can n °t have a cluster point 
different from 0, so that 

A" 1 : L°(G) ^ L°(&) 

is a compact operator. According to [251 Theorem 1.1.7], A^ : L°(G) —> L^G) 
is also compact for any p > n + e. Lcmma l5.11l has been essential at this point, see 
[25] , This means that 

{/ e LUG) I K /2 /|| p < l} = {/ e Loo(G) I K /2 /|| p < 1 and r(f) = o} 

is relatively compact in ^(G). According to the main result in |25j . we see that 

lK 2 /|| p < Cp max{||r(/,/)3|| p ,||r(r,.r)^|| p } < CpH/Hr. 

We deduce from this inequality that 

{/ S Loo(G) | H/llr < 1 and r(/) = o} 
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is relatively compact in (G) . The desired result follows from Lemma 15.91 □ 

Remark 5.13. Let G = Z and i(>(k) = \k\ 2 . Consider the commutator [A^,/] of 
A" and / G C[Z]. Rieffel [71] showed that the triple (C* od (Z), C[Z], || [A%, ■ ]||) is 
a compact quantum metric space for all < a < |. The same argument of the 
previous corollary shows that this is true for i < a < 1 too. Indeed, in this case 
n = 1 and applying Lemma [5.111 together with [25] Theorem 1.1.7], we have that 
A^ a is compact from L%(T) to L^(T) since we may choose e > such that 2 > 
for any a > \. In particular, {.t <G £^(T) | ||A^/|j 2 < 1} is relatively compact in 
£oo(T). Note that ||L4$,/]|| > ||[A^/]1|| 2 = ||^(/)|| a . We conclude that 

{/eioo(T)|||[^,/]|| <land J T fd^ = 0} 

is relatively compact. Again, we deduce the assertion from Lemma 15.91 Moreover, 
the exact same argument applies on Z 2 with i < a < 1 and on Z 3 with | < a < 1. 

5.7. Conclusions. The classical form of the Hormander-Mihlin theorem on the 
compact dual of Z™ is applied either for testing the boundedness of a given multiplier 
or for constructing multipliers out of smooth lifting functions. In both situations 
the standard length function ip(k) = \k\ 2 with its associated cocycle b^, : Z™ ^ M n 
are used in conjunction with transference. The properties which characterize this 
cocycle are A.^ > and the injectivity of the cocycle map iu. The injectivity avoids 
additional restrictions on the multiplier m under the lifting m = mo^, while the 
well-separatedness A^, > preserves the discrete topology of Z" in its image on 
M™. Here is a description of those finite-dimensional cocycles of Z™. 

Lemma 5.14. Let tp be a length function onZ n giving rise to a finite- dimensional 
cocycle a^, b^). Assume that dimH^, = d, b^, is infective and A^ > 0. Then 
we find that 

• oty : Z n — > Aut(T^) is the trivial action, 

• (H^,d) ~ (K n ,n) and b^, : Z n — > is a group homomorphism. 
Proof. We know from Paragraph 15.21 that 

M*0 = Mfci«fe) = ^(kih-v) ©7O2), 

where (n, d) = (ni,di) + (^2,^2), the map 7r : Z™ 1 — > 0(<ii) is an orthogonal 
representation, 7 : Z™ 2 — ► M d2 is a group homomorphism, rj G M. dl and the action 
has the form a^(fc) = 7r(fci )© id^d 2 . Moreover, we claim that (ni,d\) = (0,0) from 
the hypotheses. This implies the assertion. Indeed, the action must be trivial 
if b^ has no inner part and we get that = 7 is a group homomorphism. We also 
know that d > n from the injectivity of b^ and d < n since 6^,(ei), b^{e^), ■ ■ ■ , b^,(e n ) 
linearly generate W^p. To prove the claim we assume that n\,d\ > 0. Then, the 
injectivity of b^ and the condition A.0 > imply that {it(k\)r) — 77 1 k\ G Z™ 1 } is an 
infinite set of points in R dl mutually separated by a distance greater or equal than 
*/ A^, > 0. This means that the set must be unbounded, which is a contradiction 
since ||7r(fci)7j - r?||^ < 2|M|h^ for all fci G Z" 1 . □ 

In particular, given a length function ip : G — > M+, it is natural to call ^ a 
standard length function if A^ > and the associated cocycle b^ : G — > 'H^, is 
injective. Although standard cocycles are an important piece of the theory, they 
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are definitely not the whole of it! We have already illustrated this with our "donut 
multipliers" above. It turns out that geometrical intuition is not enough to describe 
arbitrary L p bounded Fourier multipliers. Let us analyze what new information can 
be extracted from our results so far. 

5.7.1. Small dimension vs smooth interpolation. If we are given a fixed multiplier 
on C(G), the problem of finding the optimal cocycle and lifting multiplier to study 
its L p boundedness might be quite hard. 

Problem 5.15. Given a Fourier multiplier 

E ^)A(. 9 ) H- £ mJ(g)X(g) 

a) Find low dimensional injective cocycles : G — > %^ . 

b) Given such (H^ , b^ , a^p) , find m € C dn (M. n \ {0}) with fh(b^(g)) = m g 
and minimizing 

sup sup |£| l/3|+e |<9fm(£)|, 
few™ |/3|<d„ 

where the values of [S] + 1 < d„ < n + 2 and e > depend on ip and m. 

Once fixed a cocycle, we must find a lifting multiplier for m : G — > C optimizing 
the constants. This means that we have to control a number of derivatives (see 
Paragraph 12.41 for the cases where e = suffices) of a smooth function m taking 
certain prcassigncd values on a cloud of points b^,(g) in R". In particular, this fits in 
Fefferman's approach to the smooth interpolation of data carried out in [131 1141 115] 
and the references therein. There is no canonical answer for questions a) and b) 
and in general we find certain incompatibility. Indeed, if we pick 71 , 72 , . . . , "f n S K 
linearly independent over Z, the cocycle k h-> Ylj Ijkj associated to the trivial action 
is a 1-dimcnsional injective cocycle for Z™ . This minimizes the number of derivatives 
to estimate for the lifting multiplier. Note however that {J2j"fjkj | fc G Z™} is a 
dense cloud of points in R and the -0-metric is far to be well-separated. In general 
this makes harder to solve b), and the lifting multiplier will be highly oscillating 
in many cases. On the other hand, as we have seen for M n , certain multipliers can 
only be treated with alternative cocycles like this one. In summary, our notion of 
"smooth multiplier" is very much affected by the cocycle we use. 

Problem 5.16. Solve Problem \b.lh\ using standard cocycles, not just injective ones. 

This is more restrictive and we will not always find finite-dimensional standard 
cocycles, see the next paragraph. On the other hand, if we content ourselves with 
not necessarily injective well-separated cocycles, we may apply our construction in 
Remark 15.81 for finitely generated groups. 

Problem 5.17. We do not expect Theorem A to be valid with e = in general due 
to the missing — > BMO r estimate, see [541 Section 6.1] for counter examples in 
this line. In other words, this suggests that one could find discrete groups G and 
cocycles b 4 , : G ->• R" for which Mihlin regularity |<9fm(£)| < |C|~ 1 ' 31 for |/3| < [|] + 1 
is not enough to ensure L p boundedness of the multipliers m g = fh(b^(g)). Find 
examples of such bad-behaved cocycles. 



SMOOTH MULTIPLIERS ON GROUP VON NEUMANN ALGEBRAS 



47 



5.7.2. Infinite- dimensional standard cocycles. There are two distinguished length 
functions on Z, the absolute value tp(k) = \k\ and its square respectively related to 
the Poisson and heat semigroups. Both yield standard cocycles, but one of them 
is infinite-dimensional while the other has dimension 1. If we take free products 
of Z only the Poisson like cocycle survives. Hence we wonder if there exist finite 
dimensional standard cocycles for the free group. A negative answer follows from a 
classical theorem of Bicbcrbach [2] . Let us recall that a group G is called virtually 
abelian whenever it has an abelian subgroup H of finite index, so that G has finitely 
many left/right H-cosets. Bieberbach's theorem claims that every discrete subgroup 
of R™ x 0{n) is virtually abelian. 

Theorem 5.18. If G has a finite- dimensional standard cocycle, G is virtually 
abelian. 

Proof. Note that g >->• {b$(g), a^, g ) € Hj/j X 0(dim'H^) defines an injective group 
isomorphism for any standard cocycle. Moreover, the well-separatedness property 
shows that it is an homcomorphism. Thus, G can be regarded as a discrete subgroup 
ofH^, x O (dim H^) with dimH^, < oo. We conclude from Bieberbach's theorem. □ 

According to this result, we see in particular that nonabelian free groups do not 
admit finite-dimensional standard cocycles. A unitary representation of a locally 
compact group G is called primary if the center of its intertwining algebra C(tt) is 
trivial. The group G is said to be of type I whenever the von Neumann algebra 
A-* generated by every primary representation tt is a type I factor. This condition 
turns out to be crucial to admit Plancherel type theorems in terms of irreducible 
unitary representations, see [161 Chapter 7] for explicit results. 

Corollary 5.19. A discrete group is virtually abelian if and only if it is of type I. 

Proof. By Thoma's theorem [76], a discrete group is type I iff it has a normal 
abelian subgroup of finite index, hence virtually abelian. On the contrary, if G 
is virtually abelian it admits an abelian subgroup H of finite index. Let us show 
that we can pick another such H being a normal subgroup. The map 7 : g > A g 
with A 9 ((/H) = gg'H defines a group homomorphism between G and the symmetric 
group of permutations 6>g/h on the space of left H-cosets. Its kernel is clearly a 
normal subgroup of G, which is abelian since it is contained in H and of finite index 
since G/ker7 ~ Img7 is a subgroup of a finite group, hence finite. □ 

A locally compact group G satisfies Kazhdan's property (T) when the trivial 
representation is an isolated point in the dual object with the Fell topology. A 
discrete group G satisfies this property iff all its cocycles are inner. Moreover, a 
cocycle is inner iff it is bounded. Hence, Kazhdan property (T) is incompatible 
with finite-dimensional standard cocycles. In summary, many interesting discrete 
groups do not admit a finite- dimensional "standard" Hormander-Mihlin theory as 
it happens with the integer lattice Z™. Our results establish a more general theory 
which includes these cases. 

5.7.3. On the Bohr compactification. We have 
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for the Haar measure [i on KJJisc- Being a Haar measure on a compact group, it is a 
translation invariant probability measure on the Bohr compactification. Therefore 
it vanishes on every measurable bounded set of R™ and fi is singular to the Lebesgue 
measure. In fact 

5 6 o = lim cxpHICI 2 ) = lim (-) f / e 2 ™^ exp f - ^) dx, 

' t-¥OC tS-OO \ t I Jjjn V t J 

so that we find 

f / d/i = lim (j) f / f{x) exp ( - ZEK) dx. 

71". '-^ v * 7 7r™ v t y 

disc 

In other words, the measure /i can be understood as a limit of averages along large 
spheres. By subordination, the same holds for Poisson kernels. As it follows from 
Theorem E, a dimension-free Calderon-Zygmund theory for Fourier multipliers on 
arbitrary discrete groups would follow from a dimension-free CZ theory on the Bohr 
compactification. This lead us to the following very natural problem. 

Problem 5.20. Develop a CZ theory for the heat/ Poisson semigroups on M^ sc . 

In order to bring some hope to the problem suggested above, we can construct 
non-trivial radial Fourier multipliers in the Bohr compactification of M°° . In terms 
of Theorem E, we may equivalently say that the class of radial Fourier multipliers 
which are bounded T^otf, '■ £(G) — > BMO^, (£(G)) for any discrete group G with 
dimH^ = oo is not trivial. Indeed, as it follows from j26) . imaginary powers of 
length functions are bounded with free-dimensional constants. More concretely 
given any discrete group G and any length function tp : G — > R+, the family of 
functions of the form 

™ g = sfW)l e~ s ^f{s)ds 
7r + 

with / : M + — > C bounded, define radial multipliers for which 

T m : £(G) -> BMO^, 
is bounded and its norm does not depend on dirnT^^,. Recall that 

_ 2i<-y 

r(i - z 7 ) 
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